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Describing open quantum systems far from equilibrium is challenging, in particular when the environment is
mesoscopic, when it develops nonequilibrium features during the evolution, or when the memory effects cannot
be disregarded. Here, we derive a master equation that explicitly accounts for system-bath correlations and
includes, at a coarse-grained level, a dynamically evolving bath. Such a master equation applies to a wide vari-
ety of physical systems including those described by Random Matrix Theory or the Eigenstate Thermalization
Hypothesis. We obtain a local detailed balance condition which, interestingly, does not forbid the emergence
of stable negative temperature states in unison with the definition of temperature through the Boltzmann en-
tropy. We benchmark the master equation against the exact evolution and observe a very good agreement in a
situation where the conventional Born-Markov-secular master equation breaks down. Interestingly, the present
description of the dynamics is robust and it remains accurate even if some of the assumptions are relaxed. Even
though our master equation describes a dynamically evolving bath not described by a Gibbs state, we provide a
consistent nonequilibrium thermodynamic framework and derive the first and second law as well as the Clausius
inequality. Our work paves the way for studying a variety of nanoscale quantum technologies including engines,
refrigerators, or heat pumps beyond the conventionally employed assumption of a static thermal bath.
I. INTRODUCTION
To understand the potential of future quantum technolo-
gies, it is essential to develop an efficient description of mi-
croscopic systems far from equilibrium. An important tool
to describe the nonequilibrium dynamics of small systems
in contact with an external environment are quantum master
equations [1–3]. Master equations have the advantage that
they apply to a large class of open systems, they are intu-
itive and often allow for further analytical progress in the de-
scription. Unfortunately, general, intuitive, and analytically
tractable master equations rely on the assumption that the en-
vironment is large, thermal, memoryless, and weakly coupled
to the system. Therefore, they quickly break down for many
interesting applications [1–3].
Here, we reconsider a class of master equations, first
proposed in [4], which are general, intuitive, and analyti-
cally tractable, but overcome to some extent the assumption
of a large, thermal, and memoryless environment. We re-
fer to them as the extended microcanonical master equation
(EMME). The basic idea behind is using a master equation
that explicitly keeps track of the bath dynamics at a coarse-
grained level and includes to some degree system-bath corre-
lations. This approach was formalized using correlated pro-
jection operator techniques [5–8] and it has been shown to
significantly improve standard perturbative master equations
[8–10]. However, it has not yet become a widespread tool. We
believe this is the case because the general physical properties
of this class of master equations have been not yet investi-
gated and applications of it remained restricted to specifically
tailored models. It is our goal to overcome these limitations
in the present paper.
Interestingly, we show that the EMME does not only
provide an efficient way to describe the dynamics of non-
Markovian open quantum systems, but it also connects to a
plethora of other actively discussed topics in nonequilibrium
statistical mechanics.
A summary of the main results as well as the outline for the
rest of this paper reads as follows:
In Sec. II, we derive the EMME using three different
methods, all leading to the same structure and phenomenol-
ogy. Among them, one method uses Random Matrix The-
ory (RMT) and another invokes the Eigenstate Thermalization
Hypothesis (ETH). The possibility to obtain the same equa-
tion using different methods indicates that our master equation
has a certain degree of universality and is useful for a variety
of situations.
In Sec. III, we observe that the EMME preserves the total
(system plus bath) coarse-grained energy and we derive lo-
cal detailed balance. Remarkably, the local detailed balance
does not forbid the emergence of stable negative temperatures
defined according to the Boltzmann entropy.
We devote Sec. IV to test numerically our analytical results.
We benchmark the EMME against the frequently employed
Born-Markov-secular (BMS) master equation and against the
exact dynamics. To that end, we consider a spin system
randomly coupled to a finite reservoir for which the EMME
shows a very good agreement with the exact dynamics.
In Sec. V, we introduce a consistent nonequilibrium ther-
modynamic framework that includes slowly driven systems.
Using this framework, we obtain the first and second law of
thermodynamics. Moreover, we connect the first and the sec-
ond law with the Clausius inequality by introducing an effec-
tive nonequilibrium temperature.
In Sec. VI, we extend the aforementioned results to the case
of multiple environments.
Finally, in Sec. VII, we make a comparison between the
EMME and other master equation approaches and present our
conclusions.
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2II. THE EXTENDED MICROCANONICAL MASTER
EQUATION
A. General idea and final result
One of the central goals of open quantum systems the-
ory is to derive a closed dynamical evolution equation for
the relevant degrees of freedom. Such an equation can be
formally obtained using projection operator techniques [4–
6, 8, 9]. Projection operator techniques are based on the def-
inition of a projection superoperator P , and its complemen-
tary Q= I −P (where I is the identity map), that divide the
Hilbert space into relevant (P) and irrelevant (Q) degrees of
freedom. Because P and Q are orthogonal projectors, they
satisfy P2 = P , and Q2 = Q, QP = PQ = 0 and are other-
wise quite arbitrary. Given the state ρ of an isolated system,
the use of projection techniques provides a closed equation
for the dynamics of the relevant part Pρ = P[ρ] by formally
integrating out the dynamics of the irrelevant part Q[ρ] [1].
In this article, we are interested in an isolated system (the
universe) composed of the system S and the environment (or
bath) B. The isolated system undergoes unitary dynamics gen-
erated by the Hamiltonian H = HS+Hint+HB, where HS and
HB contain only system and bath degrees of freedom respec-
tively and Hint represents the interaction energy between the
system and the bath. In the interaction picture with respect to
H0 = HS +HB, the evolution of the isolated system is gener-
ated by the von Neumann equation
∂t ρ˜(t) =−i[H˜int(t), ρ˜(t)]≡ L(t)[ρ˜(t)], (1)
where the tilde is used to denote any operator in the interac-
tion picture, e.g., ρ˜(t) = exp(iH0t)ρ(0)exp(−iH0t). Under
the assumptions of: (i) the weak-coupling limit and (ii) an ini-
tial state contained in the relevant partP[ρ(0)] = ρ(0), the dy-
namics of the relevant degrees of freedom are described by the
well-known second-order Redfield (or Nakajima-Zwanzig)
equation [1]
∂tPρ˜(t) =PL(t)[Pρ˜(t)]
+
∫ t
0
dt ′PL(t)QL(t ′)[Pρ˜(t)], (2)
where we have disregarded terms of O(H3int). Dropping as-
sumption (ii) would lead to an extra non-homogeneous term
in Eq. (2) that, typically, is only relevant for the transient dy-
namics.
It is worth noting that the derivation of Eq. (2) makes no
use of the explicit form of the projection superoperator P . For
comparison, we introduce the projection superoperator PBorn
that leads to the standard BMS master equation
PBorn[ρ] = ρS⊗ e
−βcanHB
ZB
, (3)
where ρS = trB[ρ], βcan is the canonical inverse temperature of
the reference state of the bath, and ZB = tr[exp(−βcanHB)] is
the partition function. We emphasize that PBorn projects into
a uncorrelated state of system and bath. Instead, the EMME
is derived using the following classically correlated projection
superoperator
P[ρ] =∑
E
ρS(E)⊗ ΠEVE , (4)
where all the terms deserve a comment. First, the macro-
scopic energies {E} are a set of bath coarse-grained ener-
gies. To be precise, consider the spectral decomposition of
the bath Hamiltonian HB = ∑Ei Ei|Ei〉〈Ei|, where the set of
microscopic energies {Ei} is ordered according to Ei ≤ E j if
i < j. In contrast, we define the set {E} of macroscopic ener-
gies by dividing the spectrum of the bath into non-overlapping
energy windows Eδ = [E − δ/2,E + δ/2) of width δ . The
parameter δ is assumed to be a macroscopically small but
microscopically large measurement resolution. This coarse-
graining procedure is crucial to reconcile the underlying re-
versible quantum mechanical description with the irreversible
macroscopic world and permits a simplified dynamical de-
scription. In fact, the same coarse-graining procedure was
used by von Neumann [11] (see [12] for the English trans-
lation) almost a century ago. Accordingly, we introduce the
projectorsΠE =∑Ei∈Eδ |Ei〉〈Ei| corresponding to the different
energies E that can be distinguished by macroscopic measure-
ments. We also introduce the volume VE = tr[ΠE ], which rep-
resents the number of microstates in the macrostate E. Finally,
ρS(E) is the conditional state of the system when the bath is
found in the macroscopic state E, and its trace gives the proba-
bility p(E) = tr[ρS(E)] of the bath being in that macrostate E.
For the time being, we focus on the case where HB represents
a single bath, leaving the extension to multiple environments
for Sec. VI.
In order to proceed with the derivation of the EMME, we
consider, without loss of generality, an interaction of the form
Hint = λ ∑α Sα ⊗Bαint where λ is an energy scale. Then, the
derivation of the EMME follows from Eq. (2) by using the
conventional Markov and secular approximation [1–3], but
now with respect to the projection superoperator in Eq. (4).
The final result reads
∂tρS(E) =−i[H′S,E ,ρS(E)]+
+∑
αα ′
∑
ω
(
γαα ′(E,E +ω)
VE+ω
Sα−ωρS(E +ω)S
α ′†
−ω
− γ
αα ′(E +ω,E)
2VE
{
ρS(E),Sα
′†
ω S
α
ω
})
, (5)
where ω sums over all possible system transition frequencies.
In Eq. (5), we have introduced the complex dissipation rates
γαα ′(E,E ′), the operators Sαω , and the modified Hamiltonian
H′S,E that commutes with the bare system Hamiltonian HS. All
of them are defined precisely below.
It is important to emphasize two general features of our
EMME. First, one can show that Eq. (5) fits into the general
form investigated by Breuer [8], who shows that it preserves
the trace of ρS and complete positivity of ρS(E) at all times.
Second, although we derived Eq. (5) using the Markov and
secular approximation, which implies that ρS(E) evolves in a
3Markovian way, the reduced system state ρS =∑E ρS(E) does
not. Therefore, the EMME can capture non-Markovian sys-
tem dynamics.
We now provide a step-by-step derivation of Eq. (5) in
Sec. II B. Particular care is required when evaluating the bath
correlation function, where we use three different methods to
arrive at the same conclusion in Sec. II C. Further mathemati-
cal details are shifted to App. A. Readers not interested in the
details of the derivation can skip the rest of this section and
continue reading in Sec. III, where we start to focus in detail
on the physics predicted by the EMME.
B. Detailed derivation
We start by computing explicitly the first and second order
terms in Eq. (2) that, ultimately, give rise to the EMME. In
standard projection operator techniques, using PBorn, the first
order term in Eq. (2) can be set to zero without loss of gener-
ality by including its contribution in the system Hamiltonian
HS. We remark that this is no longer possible for the projec-
tion in Eq. (4). To compute the first and second order terms
individually, it will prove useful to decompose Hint into block
diagonal and off-diagonal parts
Hint =∑
E
δHEΠE +V, (6)
where we have implicitly defined
δHE = λ∑
α
Sα ⊗〈Bαint〉E ,
V = λ∑
α
Sα ⊗ (Bαint−∑
E
〈Bαint〉E ΠE) = λ∑
α
Sα ⊗Bα . (7)
In Eq. (7), we have introduced 〈· · · 〉E = trB[· · ·ΠE/VE ] that
denotes the microcanonical average at energy E. The opera-
tors Bα have the important property 〈Bα〉E = 0, which we use
below. Using Eq. (6), the first order term in Eq. (2) reads
PL(t)[Pρ˜(t)] =−i∑
E
[δ H˜E(t)ΠE ,Pρ˜(t)]. (8)
Regarding the second order term, after the use of the decom-
position in Eq. (6), we find
PL(t)QL(t ′)[Pρ˜(t)]
=−∑
E
trB
{
ΠE [V˜(t), [V˜(t ′),Pρ˜(t)]]
}⊗ ΠE
VE
. (9)
Using the expression for P in Eq. (4), together with Eq. (8)
and Eq. (9), we arrive at the master equation
∂t ρ˜S(E; t) =−i[δ H˜E , ρ˜S(E; t)]
+∑
E ′
∫ t
0
dt ′trB
{
ΠE [V˜(t), [ρ˜S(E ′; t)⊗ ΠE ′VE ′
, V˜(t ′)]]
}
. (10)
for each component ρ˜S(E; t). We introduce now the spectral
decomposition of the system Hamiltonian HS = ∑k εk|k〉〈k|
with εk < εq if k < q. For simplicity in the presentation and
to focus on the novelties of our approach, we assume HS to be
non-degenerate, but our main results below continue to hold
for degenerate systems. After expanding V = λ ∑α Sα ⊗Bα ,
transforming back to the Schro¨dinger picture, and performing
the change of variables τ = t− t ′, we arrive at
∂tρS(E) =−i[HS +δHE ,ρS(E)]
+∑
E ′
∑
αα ′
∑
ωω ′
∫ t
0
dτ
(
Cαα
′
B (E,E
′;−τ)eiωτSα−ω ′ρS(E ′)Sα
′†
−ω
− Cαα ′B (E ′,E;−τ)e−iωτρS(E)Sα
′†
ω S
α
ω ′
)
+h.c., (11)
where Sαω = ∑kq 〈k|Sα |q〉 |k〉〈q|δεq−εk,ω . In Eq. (11), we have
also introduced the bath microcanonical correlation function
Cαα
′
B (E,E
′;−τ) = λ 2
〈
B˜α
′†
(−τ)ΠEBα
〉
E ′
= ∑
Ei∈Eδ
∑
E j∈E ′δ
λ 2
VE ′
Bα
′∗
i j B
α
i je
i(Ei−E j)τ , (12)
where Bαi j = 〈Ei|Bα |E j〉. Equation (11) is the Redfield version
of the EMME, which is ready for numerical implementation
and gives improved results for transient times (see Sec. IV).
It is, however, still hard to work with Eq. (11) analytically.
Therefore, we employ the standard Markov and secular ap-
proximations [1–3], which, however, give different results
from the standard BMS due to the different choice of the pro-
jection superoperator in Eq. (4). One the one hand, in the
Markovian limit, the bath correlation function is expected to
be peaked around τ = 0. Thus, one can safely extend the upper
limit of the time integrals in Eq. (10) to infinity. Then, Eq. (11)
can be written in terms of the one-sided Fourier transform
Γαα
′
(E,E ′;ω) =VE ′
∫ ∞
0
dτCαα
′
B (E,E
′;−τ)eiωτ . (13)
On the other hand, the secular approximation consists in aver-
aging out the rapidly oscillating terms in the interaction pic-
ture. Formally, this is done by introducing the time average
O = lim
T→∞
1
T
∫ T
0
dt ′O˜(t ′), (14)
which, when used in Eq. (11), selects the components ω =ω ′.
Hence, after the use of both approximations, we arrive at
∂tρS(E) =−i[HS +δHE ,ρS(E)]+
+∑
E ′
∑
αα ′
∑
ω
(
Γαα ′(E,E ′;ω)
VE ′
Sα−ωρS(E
′)Sα
′†
−ω−
− Γ
αα ′(E ′,E;−ω)
VE
ρS(E)Sα
′†
ω S
α
ω
)
+h.c., (15)
where δHE = ∑α,k〈Bαint〉E〈k|Sα |k〉|k〉〈k| is an energy depen-
dent Hamiltonian shift that commutes with the system Hamil-
tonian HS. To compare the EMME with the conventional
BMS master equation, it is convenient to decompose the func-
tion Γαα ′(E,E ′;ω) into the Hermitian matrices
Aαα
′
(E,E ′;ω) =
1
2i
(Γαα
′
(E,E ′;ω)−Γα ′α(E,E ′;ω)∗),
γαα
′
(E,E ′;ω) = Γαα
′
(E,E ′;ω)+Γα
′α(E,E ′;ω)∗, (16)
4with the properties γαα ′(E,E ′;ω) = γα ′α(E,E ′;ω)∗ and
Aαα
′
(E,E ′;ω) = Aα ′α(E,E ′;ω)∗. Moreover, it follows that
γαα
′
(E,E ′;ω) =VE ′
∫
R
dτCαα
′
B (E,E
′;−τ)eiωτ . (17)
Below, from Subsubsec. II C 1 to Subsubsec. II C 3, we show
that the function γ(E,E ′;ω) is always peaked around E ′ =
E +ω and we are allowed to factorize
γαα
′
(E,E ′;ω) = γαα
′
(E,E ′)δE ′,E+ω , (18)
and, hereafter, we refer to γαα ′(E,E ′) as the complex dissi-
pation rates. We also introduce the energy-dependent Lamb-
shift Hamiltonian
HLS,E =∑
E ′
∑
αα ′
∑
ω
Aαα
′
(E ′,E,−ω)
VE
Sα
′†
ω S
α
ω , (19)
which commutes with the system Hamiltonian HS. Finally,
after defining
H′S,E = HS +δHE +HLS,E , (20)
one obtains our first main result: the EMME within the
Markov and secular approximation shown in Eq. (5).
The exact computation of Cαα
′
B (E,E
′;−τ), or the associ-
ated γαα ′(E,E ′;ω), depends on the fine structure of the bath
energy levels as well as the exact form of the coupling op-
erators Bα . In relevant physical situations, neither the fine
structure of the bath energy levels nor the exact form of the
coupling operator are typically available. For this reason, it
is important to find approximate methods to compute the cor-
relation function that only depend on the coarse structure of
the bath energy levels. In the following subsubsections, we
present three methods to obtain the functions γαα ′(E,E ′;ω):
the first one neglects part of the internal bath dynamics, the
second one uses RMT, and the third invokes the ETH. More-
over, we further connect those three methods in App. A 4.
C. Evaluation of the bath correlation function
1. Coarse bath dynamics
Based on the idea presented in [13], we consider that the
system cannot follow the micromotion generated by the mi-
croscopic Bohr frequencies of the bath. Essentially, this cor-
responds to replacing the energy differences Ei−E j 7→ E−E ′
when Ei ∈ Eδ and E j ∈ E ′δ in Eq. (12). Then, the correlation
function yields
Cαα
′
B (E,E
′;−τ)≈ λ 2tr[Bα ′ΠEBαΠE ′ ]
ei(E−E ′)τ
VE ′
. (21)
Note that, in the limit δ → 0, this approximation becomes ex-
act and no internal dynamics is disregarded. This limit was
previously studied in Refs.[4, 14]. With the help of Eq. (17)
and Eq. (21) (see App. A 1), one obtains the complex dissipa-
tion rates
γαα
′
coarse(E,E
′) =
2piλ 2
δ
tr[Bα
′†ΠEBαΠE ′ ]. (22)
2. Random matrix coupling with dense reservoir
RMT has been already used to describe the decay of small
quantum systems in contact with complex environments, see
e.g., [9, 15–20]. Here, we take a similar approach and con-
sider that the coupling to the environment is done via the ran-
dom matrix
Bα = ∑
E 6=E ′
∑
Ei∈Eδ
∑
E j∈E ′δ
[
bα(E,E ′)+ cα(Ei,E j)
] |Ei〉〈E j|,
(23)
where bα(E,E ′) are deterministic functions of the macro-
scopic energies, and cα(Ei,E j) are random numbers. We
take cα(Ei,E j) to be i.i.d. complex random variables with
zero mean, i.e., E[cα(Ei,E j)] = 0, and variance a2, i.e.,
E[cα∗(Ei,E j)cα
′
(Ei′ ,E j′)] = a2δαα ′δEi,E j . Using the random
coupling of Eq. (23), and averaging over the correlation func-
tion in Eq. (12) (see App. A 2 for details), one obtains the
complex dissipation rates
γαα
′
rmt (E,E
′) =
2piλ 2
δ
VEVE ′(b
α ′∗(E,E ′)bα(E,E ′)+a2δαα ′). (24)
3. The Eigenstate Thermalization Hypothesis
The ETH is an ansatz for the matrix elements of a local
observable in the energy eigenbasis of a quantum many body
system (see [21–24] ). It has been successfully used to study
equilibration and thermalization in a variety of isolated quan-
tum systems. Yet, its exact range of validity is still under de-
bate, but there is a common consensus that it applies to many
body systems whose classical counterpart is chaotic. Here,
we use the ETH to make progress in computing the bath cor-
relation function Cαα
′
B (E,E
′;−τ), thereby linking the field of
equilibration and thermalization in isolated many body sys-
tems to the field of open quantum systems. The ETH can be
formulated as follows: the matrix elements of a local observ-
able O in the energy eigenbasis of a non-integrable quantum
many body system obey the following ansatz:
Oi j = O(Ei j)δi j +
√
1
VEi j
f (Ei j,Ωi j)Ri j, (25)
where the mean energy Ei j = (Ei +E j)/2 and the energy dif-
ference Ωi j = Ei − E j have been introduced. All elements
of the above equation deserve a comment. The functions
O(Ei j) and f (Ei j,Ωi j) are smooth functions of their argu-
ments. Moreover, the function f must decay as |Ωi j| grows
and has the symmetry property f (Ei j,−Ωi j) = f ∗(Ei j,Ωi j).
Finally, the numbers Ri j = R∗ji have zero mean and unit vari-
ance, and vary erratically with i and j. These erratically vary-
ing Ri j allow us to effectively use arguments from random ma-
trix theory without the need to actually perform any ensemble
average.
5The open system S couples locally to the bath B via the
operators Bα . Then, if the bath is a non-integrable quantum
many-body system, it is justified to use the ETH ansatz for the
operators Bα to compute the correlation function in Eq. (12).
We introduce the function
Fαα
′
(Ei j,Ωi j) = f α
′∗(Ei j,Ωi j) f α(Ei j,Ωi j)Rα
′∗
i j R
α
i j, (26)
where the overline represents the average in the ETH spirit.
Then, using Eq. (17) (see App. A 3), one arrives to the com-
plex dissipation rates
γαα
′
eth (E,E
′) =
2piλ 2
δ
VEVE ′
Fαα
′
(E¯,E−E ′)
VE¯
. (27)
III. ENERGY CONSERVATION, EQUILIBRIUM STATES,
AND MUTUAL INFORMATION
After proving that the EMME has certain degree of uni-
versality, we devote this section to investigate its properties.
We start by noting that the populations p(εk,E) = 〈k|ρS(E)|k〉
evolve autonomously under the rate equation
∂t p(εk,E) =∑
q
(
Wkq(E,E +ωkq)
VE+ωkq
p(εq,E +ωkq)
−Wqk(E +ωkq,E)
VE
p(εk,E)
)
, (28)
where we have defined ωkq = εk− εq and the transition rates
Wkq(E,E ′) = ∑
αα ′
γαα
′
(E,E ′)〈q|Sα ′†|k〉〈k|Sα |q〉 . (29)
In App. C, we prove the positivity of the transition rates
Wkq(E,E ′) ≥ 0 as well as the symmetry Wkq(E,E ′) =
Wqk(E ′,E).
A. Strict energy conservation
A crucial property of Eq. (5) is that the total energy of the
system and bath composite is preserved under the evolution.
In fact, the statement is stronger since not only the average
value of the total energy is preserved, but also the associ-
ated probability distribution. To be precise, we introduce the
coarse-grained total energy Etot = εk+E associated to the sys-
tem having energy εk and the bath being at the energy window
E. We denote the corresponding probability of being in the en-
ergy shell Etot as P(Etot) = ∑k p(εk,Etot− εk). From Eq. (28),
it follows
∂tP(Etot) =∑
kq
(
Wkq(Etot− εk,Etot− εq)
VEtot−εq
p(εq,Etot− εq)
−Wqk(Etot− εq,Etot− εk)
VEtot−εk
p(εk,Etot− εk)
)
= 0 (30)
and, therefore, the probability of being in the energy shell
Etot is a conserved quantity of the evolution and, in particu-
lar, d〈Etot〉/dt = 0. Hence, the two variables εk and E are not
independent and, given Etot, one can obtain εk from E or vice
versa.
B. Equilibrium states and local detailed balance
Using the symmetry property for the transition rates
Wkq(E,E ′), we find that the ratio of the rates to jump from
the state (εk,E) 7→ (εq,E +ωkq) reduces to
VE
VE+ωkq
= e−[Smic(E+ωkq)−Smic(E)], (31)
where we have introduced the microcanonical (or Boltzmann)
entropy Smic(E) = logVE and set kB = 1. Equation (31) con-
stitutes the local detailed balance condition for the EMME.
Note that the local detailed balance condition in Eq. (31)
matches the one obtained within the context of classical
Markov dynamics in phase space [25]. At equilibrium all
probability flows are balanced and the local detailed balance
condition implies
peq(εk,E)
peq(εq,E +ωkq)
= e−[Smic(E+ωkq)−Smic(E)], (32)
for the steady-state probabilities. Using the total energy Etot
introduced above, we can write the steady-state condition in a
more symmetric manner as
peq(εk,Etot− εk)
peq(εq,Etot− εq) =
VEtot−εk
VEtot−εq
. (33)
Since P(Etot) is constant, the final energy distribution for each
of the probabilities p(εk,Etot) is fixed to have the steady-state
value
peq(εk,Etot− εk) = P(Etot)
VEtot−εk
∑q VEtot−εq
, (34)
which was first noted in [14]. In summary, the steady-
state condition in Eq. (33) implies that the system explores
equiprobably all the available phase space given the macro-
scopic constraint that the total energy equals Etot.
One may wonder whether the steady state of the EMME
deviates from the steady state of the conventionally used BMS
master equation. For a thermodynamic heat bath, the energy is
related to the entropy through dE = βmicdSmic(E) where βmic
is the microcanonical (or Boltzmann) inverse temperature. In
that case, the steady state of the EMME fulfills
peq(εk,E)
peq(εq,E +ωkq)
= e−βmicωkq , (35)
which involves joint probability distributions of system and
bath. Remarkably, the population ratio in Eq. (35) is inde-
pendent from the bath energy E. Therefore, assuming a large
6enough bath, one can multiply Eq. (35) by p(εq,E+ωkq), and
then sum over E, to obtain
peq(εk)
peq(εq)
= e−βmicωkq
(
1−
ωkq
∑
E=0
p(εq,E)
p(εq)
)
, (36)
where we have taken, without loss of generality, ωkq > 0.
The second term within brackets in Eq. (36) is a correction
that appears due to the strict energy conservation condition
∂tP(Etot) = 0. Namely, for E < ωkq the process εq 7→ εk can-
not occur because there is no bath transition that can supply
the energy deficit ωkq. In general, the contribution of the cor-
rection term will be small as long as the bath has initially a
sufficiently high energy.
Instead, the conventional BMS master equation derived us-
ing the projector PBorn in Eq. (3) predicts the steady state
peq(εk)
peq(εq)
= e−βcanωkq , (37)
where βcan is the inverse temperature of the heat reservoir
acting as the environment. At first glance, the steady-state
probabilities in Eq. (36) and Eq. (37) are similar. However,
we remark that in general βmic 6= βcan. This is illustrated by
the extreme case of negative temperature (β−1mic < 0) steady
states, for which the energy populations increase with energy.
Those negative temperature states arise when, at least locally,
the volume terms of the bath decrease with energy VE < VE ′
for E > E ′. However, they cannot arise as the result of equili-
brabration dynamics in contact with a canonical heat reservoir.
We remark that, following the observation of negative tem-
perature states [26], the question whether negative tempera-
tures are thermodynamically consistent has attracted much at-
tention recently, with arguments presented against [27–29] or
in favour [30–32] of it. The debate remained, however, mostly
on an abstract and axiomatic level. We here contribute to
this fundamental question by numerically observing the emer-
gence of stable population inverted steady states of an open
system (see below). By stable we mean that all initial states
of the open system tend to this population inverted state in the
long-time limit (unless additional symmetries are present pre-
venting the existence of a unique steady state). This result is
also supported by the exact numerical integration of the full
Schro¨dinger equation (see second row of Fig. 2). These states
match a Gibbs distribution with negative temperature if one
uses the Boltzmann entropy to define temperature. In Sec. V
we will also formulate nonequilibrium first and second law
for the EMME. Thus, within our framework we can deal with
negative temperature states without observing the emergence
of any thermodynamic inconsistencies.
C. System-bath correlations
In the literature, the use of the uncorrelated projection su-
peroperator PBorn is often justified by invoking the weak cou-
pling assumption. However, as we show in Sec. V, this is not
true and even at the weak coupling limit strong system-bath
correlations can build up (see also Ref. [33]). The EMME al-
lows us to access part of these correlations and also to quantify
them. We proceed as follows.
In order to quantify the (possibly quantum) system-bath
correlations, we introduce the always positive quantum mu-
tual information
IS:B[ρ] = tr[ρ(logρ− logρS⊗ρB)]≥ 0. (38)
Then, a high value of the mutual information indicates that
the uncorrelated projector PBorn fails to capture the correlated
nature of the system-bath dynamics and, therefore, the use of
the BMS description is not justified. For a classical (diagonal)
state ρcl, the quantum mutual information is bounded from
above by IS:B[ρcl] ≤ logdS, where dS is the dimension of the
system Hilbert space (naturally, we assume the dimension of
the bath dB larger than the system dimension dS). Then, the
state ρcl is highly correlated whenever IS:B[ρcl]∼ logdS.
The EMME, however, only keeps track of part of the full
system-bath dynamics and, ultimately, has information about
the classical probability distribution p(εk,E), with p(εk,E) =
tr[ρ|k〉〈k|⊗ΠE/VE ]. The system-bath correlations included in
p(εk,E) are quantified using the coarse-grained mutual infor-
mation
IS:Bcg (p) =∑
k,E
p(εk,E) log
(
p(εk,E)
p(εk)p(E)
)
≥ 0, (39)
where p is the vector with components p(εk,E). It can be
shown (see App. D), that
IS:B[ρ]≥ IS:Bcg (p)≥ 0, (40)
where the first equality is achieved for an incoherent state ρ
such that 〈k,Ei|ρ|k,Ei〉= p(εk,E)/VE ∀Ei ∈ Eδ .
Physically speaking, the reason why we can observe strong
system-bath correlations with the EMME comes from the fact
that the total energy Etot is conserved under the evolution,
which constraints the values that the bath energy E can take
given a system energy εk. Hence, this constrained dynamics
can give rise to high system-bath correlations as we numeri-
cally observe in Sec. V (see Fig. 5).
IV. EXAMPLE: SPIN COUPLED TO A STRUCTURED
ENVIRONMENT
To numerically check the validity of various results derived
in Sec. III and Sec. V, we introduce here an extension of the
model studied in [6], and compare it with an exact integra-
tion of the Schro¨dinger equation. The model consists in a
single spin with two energy levels |0〉 and |1〉 coupled to a fi-
nite reservoir (see Fig. 1). For convenience, we introduce the
raising and lowering operators σ+ = |1〉〈0| = σ†−. The bare
system and bath Hamiltonians are
HS = ε0|0〉〈0|+ ε1|1〉〈1|,
HB =∑
Ei
Ei|Ei〉〈Ei|. (41)
7E
VE
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FIG. 1. Scheme of the model of a spin coupled to a structured reser-
voir.
We consider the simple interaction Hint = λ (σ+ + σ−)⊗B
where, as in Subsec. II C 2, we have used the random bath
coupling operator
B = ∑
E 6=E ′
∑
Ei∈Eδ
∑
E j∈E ′δ
(b(E,E ′)+ c(Ei,E j))|Ei〉〈E j|, (42)
leading to δHE = 0 for all energies E. Again, b(E,E ′) are
deterministic functions of the coarse grained energies and
c(Ei,E j) are i.i.d. complex random numbers with zero mean
and variance a2. For simplicity, we assume that ε1 − ε0 =
∆ε = nδ with n∈N, which ensures the existence of an energy
E ′ such that E ′ = E +∆ε . Remarkably, for this system, it is
relatively simple to proceed without taking the limit t→ ∞ in
the derivation of the EMME. This can be achieved by conve-
niently introducing the function
ζ (t) =
δ
pi
∫ t
0
sin2(δτ/2)
(δτ/2)2
dτ, (43)
which fulfills ζ (t→ ∞) = 1. After the procedure described in
Sec. II, the ensemble averaged EMME yields
∂tρS(E) =−i[H′S,E ,ρS(E)]
+ζ (t)γ(E,E +∆ε)
(
σ+ρS(E +∆ε)σ−
VE+∆ε
− {ρ(E), |1〉〈1|}
2VE
)
+ζ (t)γ(E,E−∆ε)
(
σ−ρS(E−∆ε)σ+
VE−∆ε
− {ρ(E), |0〉〈0|}
2VE
)
.
(44)
where we have introduced γ(E,E ′) = 2piλ 2(|b(E,E ′)|2 +
a2)VEVE ′/δ with the property γ(E,E ′) = γ(E ′,E), and we de-
fine γ(E,E ′) = 0 if either of the arguments is negative, i.e., E
or E ′ < 0. The second line of Eq. (44) represents a process in
which a quantum of bath energy excites the system, while the
third line represents the opposite process in which the system
gets de-excited. We note that, under Eq. (44), the populations
evolve autonomously and obey the same dynamical equation
than using the solution of the Redfield equation in Eq. (11). In
App. E, we provide the analytic solution of this model.
In order to benchmark the EMME, we proceed to investi-
gate numerically a particular instance of the above described
model. Namely, we consider a reservoir of only two energy
windows of macroscopic energies E = {ε0,ε0 +∆ε}, width
δ , and with the relation ∆ε = 2δ . Also, we fix the initial
state to ρ(0) = |1〉〈1|⊗Πε0/Vε0 . Note that, for this particular
choice, even if we would consider more bands in the reser-
voir, their populations would not change with time. In order
to challenge the assumptions done in the derivation, we con-
sider the following three scenarios: (i) Regular bath spectrum:
the energy levels of the bath are equidistantly distributed (as
in Ref. [6]); (ii) Random bath spectrum: the energy levels of
the bath are randomly distributed within each energy window;
and (iii) Half-filled energy window: not only the bath energy
levels are randomly distributed, but also the initial state has
only half of the energy window occupied. Hence, we have
P[ρ(0)] 6= ρ(0), but we still use the EMME from Eq. 5 ne-
glecting any inhomogeneous contribution.
To be precise, the Regular bath spectrum has energies
Eiεk = εk− δ/2+ iεkδ/Vεk where iεk ∈ {0,1, · · · ,Vεk − 1} for
k = 0,1; the Random bath spectrum has energies sampled
from a flat distribution in the energy window [εk− δ/2,εk +
δ/2) for k = 0,1; and the initial state of the Half-filled energy
window is taken to be ρ(0) = |1〉〈1| ⊗∑Vε0/2i=1 |Ei〉〈Ei|. Note
that the situations described in (i)–(iii) increasingly challenge
the assumptions done in the derivation of the EMME. We nu-
merically compare them in Fig. 2 (one for each column).
In the first row of Fig. 2, we set Vε0 = 400 < Vε1 = 600
and observe that the prediction of Eq. (44) (dot-dashed line)
agrees very well with the exact result (thick line) even for Ran-
domly bath spectrum or the Half-filled window. Instead, for
this model, the standard BMS master equation (dotted line)
fails to capture the dynamics. If one sets ζ (t) 7→ 1 (dashed
line), as opposed to keeping the time dependent dissipation
rates ζ (t) (dot-dashed line), the equation fails to describe the
dynamics only at short time-scales, but correctly predicts the
steady-state. This short-time behavior is ultimately a conse-
quence of the failure of the Fermi golden rule and has a uni-
versal character [34].
In the second row of Fig. 2, we exchange the volumes of
the bands such that Vε0 = 600 > Vε1 = 400. In all three sce-
narios, the EMME describes accurately the dynamics and pre-
dicts correctly the steady-state. In this case, the steady-state
shows population inversion and, in agreement with the discus-
sion in Subsec. III B, it can be described by a negative temper-
ature state β−1mic < 0.
In App. F, we challenge the EMME even further by con-
sidering weaker and stronger coupling strengths λ , as well as
smaller volumes VE for the energy windows of the bath. Even
though the EMME is not able to always reproduce the dynam-
ics accurately, for large volumes VE & 100, it does typically
give the right time-scale of decay and a good approximation
for the steady-state populations.
V. NON EQUILIBRIUM THERMODYNAMICS
In the first part of the present article we have derived the
EMME starting from a microscopic description of the system
and the bath. One motivation to derive such a master equa-
tion is its potential to describe small quantum devices includ-
80.2
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FIG. 2. Comparison of the evolution of the joint probability p(ε1,E = ε0) for a spin system coupled to a two bands reservoir with initial state
ρ(0) = |1〉〈1|⊗Πε0/Vε0 and obtained with the different methods: exact evolution solving the Schro¨dinger equation (blue solid line), solution
using the correlated projection technique with t→∞ (orange dashed line), solution using the correlated projection technique with finite t (green
dot-dashed line), and finally the solution using the standard BMS master equation (red dotted line). First column: regular bath with equidistant
energy levels. Second column: randomly distributed energy levels. Third column: randomly distributed energy levels and the initial state of
the bath is taken to be only half filled, i.e. a mixed stated of the Vε0/2 levels with lower energy. First row: Vε0 = 400 and Vε1 = 600. Second
row: Vε0 = 600 and Vε1 = 400. Parameters: λ = 3×10−3, δ = 0.5, ∆ε = 1.
ing heat engines, refrigerators or heat pumps. If the bath is
finite, operating those small quantum devices can cause the
bath to develop nonequilibrium features during the evolution
and then, the standard approach relying on a large bath in a
Gibbs state cannot be applied. In this respect, it is impor-
tant to obtain a consistent (nonequilibrium) thermodynamic
interpretation of the dynamics. Our master equation can de-
scribe three sources of non-equilibrium: (i) A non-thermal ini-
tial state ρ(0) of the system and bath composite; (ii) a time-
dependent system energy spectrum; and (iii) the system S be-
ing in contact with multiple environments (which we discuss
in Sec. VI). We devote this second part of the article to connect
the nonequilibrium quantum dynamics of the EMME with the
laws of thermodynamics.
A. The first law of thermodynamics
Hereafter, we allow for completeness the system energies
to depend parametrically on time εk 7→ εk(λt). For a suffi-
ciently slow driving protocol (λ˙t  1), one can directly re-
place εk 7→ εk(λt) in Eq. (5). With this time-dependence at
hand, we introduce the thermodynamic quantities
U(t) =∑
k,E
(εk(λt)+E)p(εk,E) (universe internal energy)
US(t) =∑
k,E
εk(λt)p(εk,E) (system internal energy)
W˙ =∑
k,E
(∂tεk(λt))p(εk,E) (power)
Q˙ =−∑
k,E
E∂t p(εk,E) (heat flux),
(45)
defined with respect to the coarse-grained energies of the bath.
Also, we note that upon the use of the strict energy conserva-
tion in Eq. (30), the heat flux has the alternative definition
Q˙ =∑
k,E
εk(λt)∂t p(εk,E). (46)
Then, the first law is a direct consequence of the fact that the
probability of being in a certain energy shell can only change
if the system energies are driven. Explicitly computing the
instantaneous rate of change of the universe internal energy
yields
d
dt
U = W˙ . (47)
9Alternatively, using the system internal energy US, the first
law can be written in the more familiar form
d
dt
US = Q˙+W˙ . (48)
B. The second law of thermodynamics
The second law of thermodynamics states that a change
in the thermodynamic entropy of the universe is always non-
negative. However, there is no general consensus on the mi-
croscopic definition of the thermodynamic entropy. Here, we
use the recently (re)discovered observational entropy [35–38]
Sobs(p) =∑
k,E
p(εk,E)(− log p(εk,E)+ logVE) , (49)
for p the vector of probabilities p(εk,E). We also write Sobs(t)
instead of Sobs(p(t)) when its meaning is clear from the con-
text. The origins of the observational energy can be traced
back to the discussions of von Neumann and Wigner [12].
We note that the observational entropy Sobs coincides with the
well-known von Neumann entropy
SvN[ρ] =−tr[ρ logρ], (50)
when ρ is diagonal and fulfills 〈k,Ei|ρ|k,Ei〉 = p(εk,E)/VE
∀Ei ∈ Eδ . Finally, we introduce the coarse-grained relative
entropy
Dcg(p||q) =∑
k,E
p(εk,E) log
p(εk,E)
q(εk,E)
≥ 0, (51)
for two arbitrary vectors of probabilities p and q.
Equipped with those information theoretical quantities, our
aim is to derive a second law in terms of the observational
entropy Sobs and, hence, we define the entropy production rate
Σ˙=
d
dt
Sobs(t). (52)
In contrast to Ref. [38], where only the integrated change
∆Sobs(t) (where ∆X(t) = X(t)− X(0)) in observational en-
tropy was shown to be positive, we derive here the stronger re-
sult that the entropy production rate is always positive Σ˙≥ 0.
To prove the positivity of Σ˙, it is convenient to introduce the
joint Gibbs distribution at temperature T
pT (εk(λt),E) =
VE exp(−(εk(λt)+E)/T )
ZS(λt)ZB
, (53)
where kB = 1 and ZS(λt) = ∑k exp(−εk(λt)/T ) and ZB =
∑E VE exp(−E/T ) are the partition functions. Note that
pT (λt) is a stationary distribution since it fulfills the steady-
state condition in Eq. (33). Then, the aim of this section is to
show that it is possible to recast the entropy production rate as
Σ˙=− ∂t |λt Dcg(p(t)||pT (λt))≥ 0, (54)
which is always non-negative because the dynamics of the
probabilities p(εk,E) are Markovian and pT fulfills the
steady-state condition in Eq. (33). If any of these two assump-
tions is violated, negative entropy production rates can appear
although Σ(t) = ∆Sobs remains positive [39].
The proof is as follows: we start writing the classical rela-
tive entropy in Eq. (54) in terms of the observational entropy
as
Dcg(p(t)||pT (λt)) =−Sobs(t)+T−1U(t)
+ logZS(λt)+ logZB. (55)
Then, using the chain rule d/dt = ∂t + λ˙t∂λt , together with the
first law in Eq. (47), we obtain the second law of thermody-
namics
d
dt
Sobs(t)− 1T
(
d
dt
U−W˙
)
=
d
dt
Sobs(t) = Σ˙≥ 0, (56)
which implies a positive entropy production rate. Note that the
second law Σ˙(t)≥ 0 derived here holds as long as P[ρ(0)] =
ρ(0) and, in particular, we did not invoke at any time the as-
sumption of thermal equilibrium for the bath.
C. Connecting the first and second law
In the above subsections, we have derived independently
the first and second law of thermodynamics and, at this point,
they appear rather disconnected. In standard phenomeno-
logical thermodynamics, the first and second law are related
through the well-known Clausius inequality. Namely, if dur-
ing a transformation the bath is well approximated at all times
t by an equilibrium state at temperature TB(t), then the Clau-
sius inequality reads
∆SS(t)−
∫ t
0
dt ′
Q˙(t ′)
TB(t ′)
≥ 0, (57)
where SS denotes the system thermodynamic entropy. Equa-
tion (57) connects the entropic changes with the heat flux into
the system Q˙ when the environment is found at temperature
TB. In particular, a large environment with an infinite heat
capacity would keep its temperature constant through the pro-
cess (i.e., TB(t) ≈ TB(0)). Then, the Clausius inequality sim-
plifies to
∆SS(t)− Q(t)
TB(0)
≥ 0, (58)
where Q(t) =
∫ t
0 dt
′Q˙. Equation (58) is conventionally con-
sidered the second law in quantum thermodynamics. Impor-
tantly, Eq. (58) should be regarded as a consequence of the
second law only under the conditions spelled out above.
In our description, during a transformation ρ(0) 7→ ρ(t), the
environment generically goes through several nonequilibrium
states for which a temperature TB may not even be defined. To
establish a connection with the Clausius inequality, we define
an effective nonequilibrium temperature T ∗B (t) as the solution
of
∑
E
E
VEe−E/T
∗
B (t)
ZB(t)
=UB(t), (59)
10
0 50 100 150 200 250 300 350
0.0
0.2
0.4
0.6
0.8
1.0
t
0.2
<latexit sha1_ base64="GzsZqpxV2LQOVKvzTRk 3JbUEU+0=">AAAB63icbVBNS8NA EJ3Urxq/qh69LBbBU0iqoMeiF48 V7Qe0oWy2m3bp7ibsboQS+hM8CQ ri1V/kyX/jts1BWx8MPN6bYWZel HKmje9/O6W19Y3NrfK2u7O7t39Q OTxq6SRThDZJwhPVibCmnEnaNMx w2kkVxSLitB2Nb2d++4kqzRL5aC YpDQUeShYzgo2VHnyv1q9Ufc+fA 62SoCBVKNDoV756g4RkgkpDONa6 G/ipCXOsDCOcTt1epmmKyRgPadd SiQXVYT4/dYrOrDJAcaJsSYPm6u +JHAutJyKynQKbkV72ZuJ/Xjcz 8XWYM5lmhkqyWBRnHJkEzf5GA6Y oMXxiCSaK2VsRGWGFibHpuK5NIV j+eZW0al5w4dXuL6v1myKPMpzAK ZxDAFdQhztoQBMIDOEZXuHNEc6L 8+58LFpLTjFzDH/gfP4A2UqNPA= =</latexit>
0.0
<latexit sha1_ base64="eIdNw3MB8Oydde6T3Tg LXv+omQk=">AAAB63icbVDLSgMx FL1TX3V8VV26CRbBVZmpgi6Lblx WtA9oh5JJM21okhmSjFCGfoIrQU Hc+kWu/BvT6Sy09UDC4Zx7ufeeM OFMG8/7dkpr6xubW+Vtd2d3b/+g cnjU1nGqCG2RmMeqG2JNOZO0ZZj htJsoikXIaSec3M79zhNVmsXy0U wTGgg8kixiBBsrPXg1b1Cp2j8HW iV+QapQoDmofPWHMUkFlYZwrHXP 9xITZFgZRjiduf1U0wSTCR7RnqU SC6qDLF91hs6sMkRRrOyTBuXq74 4MC62nIrSVApuxXvbm4n9eLzXR dZAxmaSGSrIYFKUcmRjN70ZDpig xfGoJJorZXREZY4WJsem4rk3BX7 55lbTrNf+iVr+/rDZuijzKcAKnc A4+XEED7qAJLSAwgmd4hTdHOC/O u/OxKC05Rc8x/IHz+QPWQI06</l atexit>
0.4
<latexit sha1_ base64="Eu5wX9r3GsuLcz4WF6B jL5314hU=">AAAB63icbVBNS8NA EJ34WeNX1aOXxSJ4Ckkt6LHoxWN F+wFtKJvtpl26uwm7G6GE/gRPgo J49Rd58t+4bXPQ1gcDj/dmmJkXp Zxp4/vfztr6xubWdmnH3d3bPzgs Hx23dJIpQpsk4YnqRFhTziRtGmY 47aSKYhFx2o7GtzO//USVZol8NJ OUhgIPJYsZwcZKD75X65crvufPg VZJUJAKFGj0y1+9QUIyQaUhHGvd DfzUhDlWhhFOp24v0zTFZIyHtGu pxILqMJ+fOkXnVhmgOFG2pEFz9f dEjoXWExHZToHNSC97M/E/r5uZ +DrMmUwzQyVZLIozjkyCZn+jAVO UGD6xBBPF7K2IjLDCxNh0XNemEC z/vEpaVS+49Kr3tUr9psijBKdwB hcQwBXU4Q4a0AQCQ3iGV3hzhPPi vDsfi9Y1p5g5gT9wPn8A3FSNPg= =</latexit>
0.6
<latexit sha1_ base64="alnNGwJbbFAFyYpVLtD X/Q9sQQ8=">AAAB63icbVBNS8NA EJ34WeNX1aOXxSJ4CkkV9Vj04rG i/YA2lM120y7d3YTdjVBCf4InQU G8+os8+W/ctjlo64OBx3szzMyLU s608f1vZ2V1bX1js7Tlbu/s7u2X Dw6bOskUoQ2S8ES1I6wpZ5I2DDO ctlNFsYg4bUWj26nfeqJKs0Q+mn FKQ4EHksWMYGOlB9+77JUrvufPg JZJUJAKFKj3yl/dfkIyQaUhHGvd CfzUhDlWhhFOJ2430zTFZIQHtGO pxILqMJ+dOkGnVumjOFG2pEEz9f dEjoXWYxHZToHNUC96U/E/r5OZ +DrMmUwzQyWZL4ozjkyCpn+jPlO UGD62BBPF7K2IDLHCxNh0XNemEC z+vEyaVS8496r3F5XaTZFHCY7hB M4ggCuowR3UoQEEBvAMr/DmCOfF eXc+5q0rTjFzBH/gfP4A316NQA= =</latexit>
0.8
<latexit sha1_ base64="1g4xG5KIzOljSv5soId Z3N7Ddls=">AAAB63icbVBNS8NA EJ34WeNX1aOXxSJ4CkkV7LHoxWN F+wFtKJvtpl26uwm7G6GE/gRPgo J49Rd58t+4bXPQ1gcDj/dmmJkXp Zxp4/vfztr6xubWdmnH3d3bPzgs Hx23dJIpQpsk4YnqRFhTziRtGmY 47aSKYhFx2o7GtzO//USVZol8NJ OUhgIPJYsZwcZKD75X65crvufPg VZJUJAKFGj0y1+9QUIyQaUhHGvd DfzUhDlWhhFOp24v0zTFZIyHtGu pxILqMJ+fOkXnVhmgOFG2pEFz9f dEjoXWExHZToHNSC97M/E/r5uZ uBbmTKaZoZIsFsUZRyZBs7/RgCl KDJ9Ygoli9lZERlhhYmw6rmtTCJ Z/XiWtqhdcetX7q0r9psijBKdwB hcQwDXU4Q4a0AQCQ3iGV3hzhPPi vDsfi9Y1p5g5gT9wPn8A4miNQg= =</latexit>
1.0
<latexit sha1_ base64="WBRlgQF+rTJDgPbDoAT TXdMX+/U=">AAAB63icbVBNS8NA EJ3Urxq/qh69LBbBU0iqoMeiF48 V7Qe0oWy2m3bp7ibsboQS+hM8CQ ri1V/kyX/jts1BWx8MPN6bYWZel HKmje9/O6W19Y3NrfK2u7O7t39Q OTxq6SRThDZJwhPVibCmnEnaNMx w2kkVxSLitB2Nb2d++4kqzRL5aC YpDQUeShYzgo2VHgLP71eqvufPg VZJUJAqFGj0K1+9QUIyQaUhHGvd DfzUhDlWhhFOp24v0zTFZIyHtGu pxILqMJ+fOkVnVhmgOFG2pEFz9f dEjoXWExHZToHNSC97M/E/r5uZ +DrMmUwzQyVZLIozjkyCZn+jAVO UGD6xBBPF7K2IjLDCxNh0XNemEC z/vEpaNS+48Gr3l9X6TZFHGU7gF M4hgCuowx00oAkEhvAMr/DmCOfF eXc+Fq0lp5g5hj9wPn8A18eNOw= =</latexit>
0
<latexit sha1_base64="rs PGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3U r1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8 eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8X t0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgT j25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpC j0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQ Raj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3 nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZ mx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBr SAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</lat exit>
100
<latexit sha1_base64="+X XCPMj9XkYeSWUdUUxOGntcENg=">AAAB6nicbVBNS8NAEJ3U r1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/Qle PCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ 2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H 4dua3n1BpHstHM0nQj+hQ8pAzaqz04Lluv1xxq+4cZJV4Oal Ajka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqW SRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv 7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRB VlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHT SgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBX1o0t</lat exit>
200
<latexit sha1_base64="WWJt+VIMhxcwQwbGXpUmCi3dmi Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6b YWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQg Fo2ilh5rr9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJ K5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u 4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBZXI0u</latexit>
300
<latexit sha1_base64="BcZEcR5Sptfk+lpf9c/LAXMryv o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3 w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoe cUWOl+7rr9ssVt+rOQVaJl5MK5Gj2y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtac hc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnXql69Wr u7qDSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNa4o0v</latexit>
50
<latexit sha1_base64="rJ u83RzuBy9M+rTI7j0fUYwtmkM=">AAAB6XicbVBNS8NAEJ34 WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120y7dbMLuRCih/8CL B0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdg qbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4L R7dRvPXFtRKwecZxwP6IDJULBKFrp4dLtlcpuxZ2BLBMvJ2X IUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6m iETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf +8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqi lDG07RhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UI cGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB+/UjPc=</lat exit>
150
<latexit sha1_base64="kf5sY5Q8WVSYboshFnmbonTP5e o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3sz zMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOS MGis9eJdur1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShs zU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1Xqv cX5dpNHkcBjuEEzsCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBfb40y</latexit>
250
<latexit sha1_base64="v63+yrhWLt2Rf7TeZ8FOxFzBql g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3sz zMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOS MGis9VC/dXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZ mpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO 8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AFg9Y0z</latexit>
350
<latexit sha1_base64="uicnd9s7iKqXPQNF0W9iM7KsQ5k=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZBo0eiF48Y 5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD9VLt1csuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjuc m6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5JmpexVy5X7i1LtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9 ack80cwx84nz9ie400</latexit>
This figure is for \delta = 0.5 and \Delta \varepsilon=1, and, therefore, there is a gap between the energy 
windows of the bath. 
FIG. 3. Comparison of the exact dynamics (solid lines) with the
dynamics predicted by the EMME (dashed lines) for a spin with en-
ergies ε0 = 0 and ε1(λt) = ∆ε (white background) and ε1(λt) = 2∆ε
(shadowed background). See main text for details. Parameters:
δ = 0.5, t? = 120∆ε−1.
where UB = ∑k,E E p(εk,E) denotes the bath coarse-grained
energy. Operationally, T ∗B (t) corresponds to the temperature
of a super-bath that, if weakly coupled to the bath B, would
give rise to a vanishing heat current between the bath and the
super-bath.
As emphasized above, the Clausius inequality follows from
the second law Eq. (56) only under additional approximations.
To derive it rigorously, we assume the following: (i) ρ(0) is a
product state of system and bath, i.e. ρ(0) = ρS(0)⊗ρB(0),
(ii) the system state ρS(0) is diagonal on the energy eigen-
basis, and (iii) the initial bath state ρB(0) is a Gibbs state of
the bath at temperature T (0). For the Gibbs state, we find the
important differential relation
dUB = T dSBobs(pT ), (60)
where SBobs denotes the observational entropy of only the bath.
Next, we note the following identity
∆SBobs(t) = SBobs(t)−SBobs(pT ∗B (t))
+SBobs(pT ∗B (t))−S
B
obs(0). (61)
The difference of the first two terms of the above equation is
negative since, by construction, p(t) and pT ∗B (t) have the same
energy and the Gibbs state maximizes the entropy. Using the
differential relation in Eq. (60), the last two terms of Eq. (61)
can be cast as
SBobs(pT ∗B (t))−S
B
obs(pTB(0)) =−
∫ t
0
dt ′
Q˙(t ′)
T ∗B (t ′)
. (62)
Moreover, using the coarse-grained mutual information
Eq. (39) as well as the initial product state assumption, we
obtain the following relation
∆SSobs(t)+∆SBobs(t) = ∆Sobs(t)+IS:Bcg (p(t))≥ 0. (63)
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This figure is for \delta = 0.5 and \Delta \varepsilon=1, and, therefore, there is a gap between the energy 
windows of the bath. 
FIG. 4. Numerical proof of the Clausius inequality: ∆Sobs(t)
(blue solid line), ∆SSobs(t) + ∆SBobs(t) (orange dashed line) and
∆SSobs(t)−
∫ t
0 dt
′Q˙(t ′)/T ∗B (t ′) (green dot-dashed line) computed us-
ing the EMME of a for a spin with energies ε0 = 0 and ε1(t) = ∆ε
(white background) and ε1(t) = 2∆ε (shadowed background). See
main text for details. Inset: Corresponding non-equilbrium temper-
ature of the bath T ∗B (t) (kB = 1) for the same protocol. Parameters:
δ = 0.5, t? = 120∆ε−1.
Finally, putting together Eq. (61), Eq. (62) and Eq. (63) the
following chain of inequalities is found
∆SSobs(t)−
∫ t
0
dt ′
Q˙(t ′)
T ∗B (t ′)
≥ ∆SSobs(t)+∆SBobs(t)
≥ ∆Sobs(t)≥ 0. (64)
which proves the aforementioned Clausius inequality and con-
nects the first and second law. We remark that the first inequal-
ity in Eq. (64) becomes an exact equality whenever the bath
does not develop any noticeable nonequilibrium features.
D. Testing the results numerically
To conclude this section, we test numerically the results
derived above. We consider again the same spin system de-
scribed in Sec. IV but now we allow the energies εk(λt) to
depend parametrically on time. For concreteness, we leave
the energy ε0 = 0 constant and quench periodically the energy
of the excited state as
ε1(λt) =
{
∆ε t ∈ [0, t?)
2∆ε t ∈ [t?,2t?), , (65)
where 2t? is the period, and ∆ε a fixed energy splitting. Since
we are quenching back an forth the energy of the excited state,
three energy windows of the environment are now explored.
We consider their associated macroscopic energies to be E ∈
{0,∆ε,2∆ε}.
In Fig. 3, we compare the exact dynamics with the pre-
diction of the EMME. The volume terms of the bands are
set to VE ∈ {100,200,400} and chose the initial state ρ(0) =
|1〉〈1|⊗ΠE=0/VE=0. We observe that the EMME is also able
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This figure is for \delta = 1.0 and \Delta \varepsilon=1, and, therefore, there is no gap between the energy 
windows of the bath. 
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lution of the quantum mutual information (blue solid line) with the
exact coarse-grained mutual information (orange dashed line) and the
approximation obtained using the EMME (green dot-dashed lines)
for a spin with energies ε0 = 0 and ε1(λt) = ∆ε (white background)
and ε1(λt) = 2∆ε (shadowed background). See details in the main
text. The initial state is chosen ρ(0) = |1〉〈1|⊗ΠE=0/VE=0. Param-
eters: δ = 0.5, t? = 120∆ε−1.
to reproduce accurately the dynamics when the system energy
levels are periodically quenched. This justifies in retrospective
our claim above that we can replace the static system energies
εk with time-dependent energies εk(λt) as long as λt varies
slowly compared to the relaxation time of the reservoir.
During the evolution the system and bath develop nonequi-
librium features, but the Clausius inequality and our second
law in Eq.(56) remain valid at all times as demonstrated in
Fig. 4. In the inset, we show the corresponding evolution of
the non-equilibrium temperature of the bath T ∗B (t) which, due
to the bath finite heat capacity, cannot be approximated by a
constant value. The fact that we start with a zero effective
temperature T ∗B (0) = 0 is a result of our choice for the initial
state ρ(0) and a consequence of the bath model, where we ne-
glect any energy levels below the lowest band that participates
in the dynamics.
The difference between the dash-dotted green curve and
the dashed orange curve in Fig. 4 is a nonequilibrium effect
resulting from a bath state deviating from an ideal thermal
state. The difference between the solid blue curve and the
dashed orange curve in Fig. 4 is instead a result of the (ne-
glected) classical system-bath correlations as measured by the
coarse-grained mutual information in Eq. (39). To investigate
the latter, we numerically compute the evolution of the mu-
tual information. In Fig. 5, we show that IS:Bcg never exceeds
IS:B and, both of them, increase close to their maximum value
log2. Also, the EMME provides a good approximation of the
real value of IS:Bcg , but is prediction can violate the bound in
Eq. (40). Since the mutual information can grow close to its
maximum value, the system-bath correlations are not negligi-
ble and, therefore, the BMS master equation is not adequate
to describe the dynamics. The reason that the EMME over-
estimates the system-bath correlation is a consequence of the
strict energy conservation derived in Subsec. III A, which is
never exactly satisfied for any finite coarse-graining and any
finite system-bath coupling strength.
VI. GENERALIZATION TO MULTIPLE ENVIRONMENTS
In the previous sections, we have studied the case of a sys-
tem S in contact with a single heat bath B. Similar findings
hold for the case of multiple environments and, for complete-
ness, we outline in this section the generalization of the main
results to multiple environments. Its detailed study including
the treatment of various interesting applications is left for fu-
ture work.
We consider multiple baths labeled by ν = 1, · · · ,n, with
Hamiltonian HBν coupled to the system with an interaction
Hint,ν = λ ∑α Sαν ⊗Bανint . Denoting Eν ,i the eigenenergies of
the ν th bath Hamiltonian, we proceed to coarse-grain the en-
ergies into energy windows Eν ,δν = [Eν − δν/2,Eν + δν/2)
centered around the energy Eν . Then, we can define a projec-
tion operator
P[ρ] =∑
E
ρS(E)
ΠE
VE
, (66)
where the vector E = (E1, · · · ,En), the projector ΠE =ΠE1 ⊗·· ·⊗ΠEn , and the joint volume VE =VE1 · · ·VEn have been in-
troduced. All the steps followed in Sec. II are valid under the
replacement E 7→ E with the important remark that we obtain
an additive structure for the EMME, i.e., there are no crossed
terms with ν 6= ν ′(see App. VI). For the multiple bath sce-
nario, the bath correlation function is given by
Cαα
′
Bν (E,E
′;−τ) = λ 2
〈
B˜α
′
ν (−τ)ΠEBαν
〉
E′
. (67)
Note that Cαα
′
Bν (E,E
′;−τ) is very sparse, since the vec-
tors E and E′ can only be different in the ν th component.
Therefore, it is possible to redefine complex decay rates
γαν ,α ′ν (Eν ,E ′ν ;ω) that depend only in the ν th component of
the energy vectors E and E′. For the same reasons that we
gave in Sec. II, it is justified to factor γανα ′ν (Eν ,E ′ν ;ω) =
γανα ′ν (Eν ,E ′ν)δE ′ν ,Eν+ω yielding the EMME
∂tρS(E) =−i[H′S,E,ρS(E)]
+∑
ν
∑
ανα ′ν
∑
ω
(
γανα ′ν (Eν ,Eν +ω)
VEν+ω
Sαν−ωρS(E+ωeν)S
α ′ν†−ω
− γ
ανα ′ν (Eν +ω,Eν)
2VEν
{
ρS(E),S
α ′ν†
ω Sανω
})
, (68)
where eν is the unit vector along the ν th component. From
Eq. (68), it is possible to obtain the conservation of the proba-
bility ∂tP(Etot) = 0, with P(Etot) =∑k,E p(εk,E)δEtot,εk+∑ν Eν ,
as well as a steady-state condition similar to Eq. (33) (further
details are given in App. G).
The thermodynamic behavior studied in Sec. V also
extends to multiple environments. Introducing Q˙ν =
12
∑k,E Eν∂t p(εk,E), the first law takes the form
d
dt
US =∑
ν
Q˙ν +W˙ . (69)
To obtain the second law, we first need to introduce the
multiple-bath observational entropy
Sobs(p) =∑
k,E
p(εk,E)(− log p(εk,E)+ logVE), (70)
for which it is possible to proof dSobs(t)/dt ≥ 0 analogously
to the single bath case. Finally, Clausius inequality is similarly
found as
∆SSobs(t)−∑
ν
∫ t
0
dt ′
Q˙ν(t ′)
T ∗ν (t ′)
≥ ∆Sobs(t)≥ 0. (71)
VII. OUTLOOK AND COMPARISON WITH OTHER
MASTER EQUATIONS
We conclude by comparing the EMME with other master
equation approaches. In the previous sections we have al-
ready discussed the EMME in comparison with the popular
Redfield and BMS (or “quantum optical”) master equation [1–
3], whose dynamic and thermodynamic predictions can differ
significantly from the EMME. Note that, similar in spirit to
the EMME, the BMS master equation is sometimes refined
by equipping it with an additional counting field, which keeps
track of the changes in bath energy [2, 40]. However, these
counting field master equations make no further use of this
information to obtain a more accurate system dynamics: af-
ter integrating out the counting field, the reduced dynamics of
the system is still given by the standard BMS master equa-
tion. Therefore, we here focus only on a comparison with
more advanced master equations going beyond this standard
approach.
Clearly, one way to obtain improved results is to use the
standard projection operators PBorn as for the BMS master
equation, but to go beyond second order in the interaction
Hamiltonian. However, this quickly becomes cumbersome
and, as Ref. [6] has shown, even the fourth-order master equa-
tion does not necessarily improve the accuracy, still giving
qualitatively wrong results in comparison with the EMME and
the exact solution. A more sophisticated idea in comparison
to simply “cranking up” the perturbative hierarchy is to apply
different approximation techniques to the memory kernel in
the Nakajima-Zwanzig equation based on, e.g., semiclassical
simulations of the bath dynamics [41, 42]. While being non-
perturbative and more accurate, this approximation has been
so far mostly used for numerical case-by-case studies and it
seems hard to obtain general insights from it.
Another approach, which still resides in the standard pic-
ture by tracing out the entire bath and keeping only infor-
mation about the system, is to combine second order master
equations and polaron transformations [43]. In this approach
one first maps a strongly coupled system-bath Hamiltonian
to a weakly coupled one by using the polaron transformation
and afterwards combines it with standard perturbative master
equations. This allows to treat strong coupling, as demon-
strated, e.g., in Refs. [44–47], but it does not overcome the
Markovian approximation and essentially treats the bath as
being in (conditional) equilibrium throughout. Nevertheless,
combining polaron transformations, which work well only for
particular system-bath models, with the EMME seems to be a
promising avenue for future research to treat strongly coupled
systems in a more accurate way.
Finally, another master equation approach, which shares
some similarities with our approach by explicitly treating
parts of the bath degrees of freedom, is based on Markovian
embedding strategies [48–50]. By redefining the system-bath
partition and applying a master equation to an enlarged but
weakly coupled and Markovian system, as done using, e.g.,
the reaction coordinate master equation [51–55] or other for-
mally exact but more involved master equations [56], numer-
ically accurate results can be obtained while retaining at the
same time detailed information about system-bath correla-
tions and (parts of) the bath degrees of freedom. We have not
yet benchmarked our master equation with these techniques,
but we expect the latter to be more accurate. On the downside,
these Markovian embedding strategies, as well as the afore-
mentioned master equations using polaron transformations or
semiclassical simulations of the memory kernel, all rely on
the paradigmatic Caldeira-Leggett model. We believe it is a
significant advantage that the EMME applies in principle to
every system-bath model.
Thus, to summarize, the EMME opens up the possibility
to treat a variety of interesting nonequilibrium situations, in-
cluding, e.g., finite heat baths, spin environments, nonlinear
system-bath interactions, impurities in quantum many body
systems, etc., in a dynamically more accurate way beyond
the restrictive weak coupling and Markovian approximation
and with an intuitive and consistent thermodynamic interpre-
tation. Perhaps in combination with other techniques, such
as the ones just mentioned, we are convinced that it provides
and efficient, flexible and intuitive tool for future research in
quantum nanotechnologies.
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Appendix A: Details on the derivation of the EMME
In this appendix we provide details on the derivation of the
EMME, the computation of the dissipation rates in the three
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approaches listed in the main text, and a comparison between
them. In the three methods, the aim is to compute the com-
plex dissipation rates γαα ′(E,E ′) starting from the correlation
function
Cαα
′
B (E,E
′;−τ) = ∑
Ei∈Eδ
∑
E j∈E ′δ
λ 2
VE ′
Bα
′∗
i j B
α
i je
i(Ei−E j)τ . (A1)
1. Details on coarse bath dynamics approach
As explained in the main text, this approach is based on
the substitution Ei−E j 7→ E −E ′ in Eq. (A1). Then, using
Eq. (17), one obtains
γαα
′
coarse(E,E
′;ω) = λ 2trB[Bα
′†ΠEBαΠE ′ ]
×
∫
R
dτei(ω+E−E
′)τ . (A2)
The macroscopic energies of the bath can always be expressed
as E = nδ for some n ∈ N. Then, the time integrals give rise
to ∫
R
d(δτ)e±i((ω/δ )+n−n
′)(δτ) ≈ 2piδ ′E ′,E+ωkq . (A3)
where the modified Kronecker delta should be interpreted as
the function:
δ ′E ′,E+ωkq =
{
1 if E ′ s.t. |E ′−E−ω| ≤ δ
0 else , (A4)
and then, one can directly identify the expression of
γαα ′coarse(E,E ′) in Eq. (22).
2. Details random matrix approach
Using the random coupling operator Bα in Eq. (23), the
ensemble averaged correlation function in Eq. (A1) yields
E[Cαα
′
B (E,E
′;−τ)] = λ
2
VE ′
(
bα
′∗(E,E ′)bα(E,E ′)+a2δαα ′
)
× ∑
Ei∈Eδ
∑
E j∈E ′δ
eiEiτe−iE jτ . (A5)
To compute the double sum term in Eq. (A5) we introduce the
density of states g(E) = ∂E ∑Ei Θ(E−Ei) and assume: (i) the
bath is dense enough to justify ∑Ei 7→
∫
g(e)de and (ii) g(e) is
approximately constant in each energy window. Then,
∑
Ei∈Eδ
∑
E j∈E ′δ
ei(Ei−E j)τ ≈VEVE ′ei(E−E
′)τ sin
2(δτ/2)
(δτ/2)2
, (A6)
where we have used the relation g(E)δ = VE . The time-
dependent properties of the correlation function are then de-
scribed by the function
h(τ) =
δ
2pi
sin2(δτ/2)
(δτ/2)2
. (A7)
As we show in App. B, the Fourier transform of h(τ) is
strongly peaked around the origin, and it allows to approxi-
mate ∫
R
dτh(τ)eiΩτ = hˆ(Ω)≈ δΩ,0, (A8)
where, in the computation of the complex dissipation rates,
Ω=ω+E−E ′. Then, using Eq. (17), we obtain the complex
dissipation rates
γαα
′
rmt (E,E
′)
=
2piλ 2
δ
(b∗α ′(E,E
′)bα(E,E ′)+a2δαα ′)VEVE ′ . (A9)
3. Details ETH approach
In order to exploit the ETH to compute the correlation func-
tion in Eq. (A1), two issues arise: First, there is no guarantee
that the operators Bα are Hermitian and, second, it is not clear
how the ETH should be modified when one considers corre-
lation between different observables. The first issue is eas-
ily solved by noting that any operator can be decomposed as
O = O++ iO−, where O+ and O− are Hermitian. Therefore,
V = λ∑
α
Sα ⊗Bα = λ∑
α
(
Sα+⊗Bα+−Sα−⊗Bα−
)
, (A10)
since the crossed terms vanish. Then we can assume without
loss of generality Sα and Bα to be Hermitian. Regarding the
second issue, it is tempting to assume:
Bαi j = B
α(Ei j)δi j +
√
1
VEi j
f α(Ei j,Ωi j)Rαi j. (A11)
It is clear that Rαi j should have zero mean as before. How-
ever, note that Rαi j cannot be uncorrelated for different α or,
otherwise, two point correlation of two generic different ob-
servables would vanish [23]. Therefore, we obtain
Cαα
′
B (E,E
′;−τ) =
λ 2
VE ′
∑
Ei,E j
f α
′∗(Ei j,Ωi j) f α(Ei j,Ωi j)
VEi j
Rα
′∗
i j R
α
i je
i(Ei−E j)τ , (A12)
were we assumed Bα(E) to vanish identically for consistency.
On one hand, the numbers Rαi j change erratically with i and
j and even j 7→ j+ 1 can abruptly change its value. On the
other hand, the function f α(E,Ω) is a smooth function of its
arguments and, for a dense enough bath, the substitution j 7→
j+ 1 will give rise to a perturbative correction. Therefore, it
is justified to substitute in Eq. (A12) Rα
′∗
i j R
α
i j 7→ Rα ′∗i j Rαi j where
here the overline denotes the average in the spirit of the ETH.
The function Fαα
′
(Ei j,Ωi j) defined in Eq. (26) of the main
text is, consistently with the ETH ansatz, a smooth function
of its arguments, decays with |Ω| → ∞, and has the symmetry
property
(Fαα
′
(E,Ω))∗ = Fα
′α(E,Ω) = Fαα
′
(E,−Ω) (A13)
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For a sufficiently regular and dense environment, it is justi-
fied to approximate Ei j ≈ E¯ = (E +E ′)/2 and replace ∑Ei 7→∫
deg(e). Assuming that g(e) is constant within each energy
window we arrive at
Cαα
′
B (E,E
′;− τ) = λ 2 g(E)g(E
′)
VE ′
×
∫∫
dede′
Fαα
′
(E¯,e− e′)
VE¯
ei(e−e
′)τ , (A14)
Finally, using Eq. (17), the integral over time of the correla-
tion function gives a factor 2piδ (ω + e− e′) and leads to the
expression
γαα
′
eth (E,E
′) =
2piλ 2
δ
VEVE ′
Fαα
′
(E¯,E−E ′)
VE¯
. (A15)
4. Connection between the three approaches
Finally, we investigate under which circumstances the three
derivations given above give rise to the same decay rates. To
this end, we rewrite them in the alternative form
γαα
′
coarse(E,E
′) =
2piλ 2
δ
VEVE ′
tr[B†α ′ΠEBαΠE ′ ]
VEVE ′
,
γαα
′
rmt (E,E
′) =
2piλ 2
δ
VEVE ′(b
∗
α ′(E,E
′)bα(E,E ′)+a2δαα ′),
γαα
′
eth (E,E
′) =
2piλ 2
δ
VEVE ′
Fαα
′
(E¯,E−E ′)
VE¯
, (A16)
which makes the comparison easier. A connection can be
found when the coupling has purely coarse grained compo-
nents, namely, when the following approximation holds:
Bα = ∑
EiE j
〈
Ei|Bα |E j
〉 |Ei〉〈E j|
≈ ∑
EE ′
bα(E,E ′) ∑
Ei∈Eδ
∑
E j∈E ′δ
|Ei〉〈E j|, (A17)
where bα(E,E ′) are functions of only the coarse grained en-
ergies.
Connection of the approaches II C 1 and II C 2:
Assuming the form in Eq. (A17), the coarse bath dynamics
method gives raise to the rates
γαα
′
coarse(E,E
′) =
2piλ 2
δ
VEVE ′b
∗
α ′(E,E
′)bα(E,E ′). (A18)
On the other hand, in the limit of vanishing variance a→ 0, the
random matrix coupling in Eq. (23) reduces to (A17). There-
fore, we find
γαα
′
rmt (E,E
′) = lim
a→0
2piλ 2
δ
VEVE ′(b
∗
α ′(E,E
′)bα(E,E ′)+a2δαα ′)
=
2piλ 2
δ
VEVE ′b
∗
α ′(E,E
′)bα(E,E ′), (A19)
obtaining, then, the same rates γαα ′coarse(E,E ′) = γαα
′
rmt (E,E
′).
Connection of the approaches II C 1 and II C 3:
Using the ETH ansatz in Eq. (A11) and assuming that the
bath coupling operator has the coarse-grained structure in
Eq. (A17), it follows
Bαi j =
√
1
VE¯
f α(E¯,E−E ′)Rαi j (E 6= E ′). (A20)
Using Eq. (A20) into Eq. (22), and identifying the average
R∗α ′,i jRα,i j = ∑i j R
∗
α ′,i jRα,i j/(VEVE ′), we arrive at
γαα
′
coarse(E,E
′) =
2piλ 2
δ
Fαα
′
(E¯,E−E ′)
VE¯
, (A21)
and, therefore, γαα ′coarse(E,E ′) = γαα
′
eth (E,E
′).
Appendix B: Time-integrals in the correlated Redfield equation
In this subsection, we derive the exact expression for the
time-integrals that arise in Subsec. II C 2. Ultimately, our ob-
jective is to compute
I(1) =
∫ ∞
0
dτh(τ)e−iΩτ =
1
pi
∫ ∞
0
dx
sin2(x)
x2
e−i2(Ω/δ )x, (B1)
which can be regarded as the Laplace transform h˘(iΩ) =
L[h(τ)](s = iΩ), with L[ f (τ)](s) =
∫ ∞
0 dτ f (τ)exp(−sτ). It
is easy to see that the real and imaginary parts of h˘(iΩ) cor-
respond respectively to even and odd functions of Ω. We
introduce the frequency ratio ξ = Ω/δ ∈ R as well as the
parameter-dependent integral
I(a) =
1
pi
∫ ∞
0
dx
sin2(ax)
x2
e−i2ξx
⇒ I′(a) = 1
pi
∫ ∞
0
2adx
sin(2ax)
(2ax)
e−i2ξx. (B2)
Performing the change of variables t = 2ax, and noting the
Laplace transform property
L[ f (t)/t](s) =
∫ ∞
s
du f˘ (u)
⇒ L[sin(t)/t](s) =
∫ ∞
s
du
1+u2
=
pi
2
− arctan(s), (B3)
which brings to I′(a) = 1/2− arctan(iξ/a))/pi . Now, the
complex function w(z) = arctan(z) can be written in terms of
logarithms using the following reasoning
z = tan(w) =−i e
iw− e−iw
eiw+ e−iw
⇒ 2iw = log 1+ iz
1− iz +n2pii with n ∈ N. (B4)
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FIG. 6. Real (blue) and imaginary (orange) parts of the function
h˘(iΩ).
We choose the principal Riemann sheet n= 0 to coincide with
the real arctan function, i.e. w(1) = pi/4. Noticing that I(0) =
0, we can proceed to
I(1) =
∫ 1
0
daI′(a) =
∫ 1
0
da
(
1
2
− arctan(iξ/2)
pi
)
=
1
2
+
i
2pi
∫ 1
0
da(log(a−ξ )− log(a+ξ )) , (B5)
As we have discussed, the real and imaginary parts of the tar-
get integral I(1) are respectively even and odd functions of ξ
and, then, we can restrict ourselves to ξ > 0. Still, we have
two different scenarios:
∫ 1
0
da(log(a+ξ )− log(a−ξ )) =
∫ 1
0
log(a+ξ )
−
∫ ξ
0
da log(a−ξ )−
∫ 1
ξ
(log |a−ξ |+ ipi) (for ξ < 1)∫ 1
0
da(log(a+ξ )− log(a−ξ )) =
∫ 1
0
log(a+ξ )
+
∫ 1
0
(log |a−ξ |+ ipi) (for ξ > 1), (B6)
which leads, for ξ > 0, to the final result
Re[I(1)] =
{
(1−ξ )/2 for ξ < 1
0 for ξ > 1 ,
Im[I(1)] =
1
2pi
(2ξ log(ξ )− (1+ξ ) log(1+ξ )
+(1−ξ ) log |1−ξ |) . (B7)
Therefore, there is no approximation in the Re[h˘(iΩ)] by dis-
regarding the non-resonant terms Ω > δ . For completeness
we show the full behavior in Fig. 6. Hence, the relation
γαα ′rmt (E,E ′;ω) ∝ δE ′,E+ω is obtained without any approxima-
tion in computing the time-integrals.
Appendix C: Properties of the transtion rates
In this appendix, we proof the properties Wkq(E,E ′) ≥ 0
and Wkq(E,E ′) = Wqk(E ′,E) for the transition rates. The
former is proven, as usual, through Bochner’s theorem and
the latter requires only basic algebraic manipulation.
1. Positivity
We start noting that the transition rates Wkq(E,E ′) may be
obtained from the scalar product
(skq,γT skq) = ∑
αα ′
sα
′∗
kq γ
αα ′(E,E ′;ω)sαkq, (C1)
where the arguments E,E ′ and ω are implicit in the matrix γT .
Defining Vkq = ∑α sαkqB
α , Eq. (C1) is the Fourier transform
(skq,γT skq) = λ 2
∫
R
dτtrB[e−iHBτV†kqe
iHBτΠEVkqΠE ′ ]eiωτ
=
∫
R
dτ f (τ)eiωτ = fˆ (ω). (C2)
Then, Bochner’s theorem states that the Fourier transform
fˆ (ω) of a function f (τ) is positive if f (τ) is of positive type.
A function is of positive type if for any set of times {τα} the
matrix f αα
′ ≡ f (τα − τα ′) is positive semidefinite. Then, we
see that f (τ) is of positive type since taking a general vector
w we have
(w, fw) = λ 2 ∑
EiE j
∣∣∣∣∑
α
wαe−i(Ei−E j)τ
α
∣∣∣∣2 |〈Ei|Vkq|E j〉 |2
≥ 0, (C3)
where Ei ∈ Eδ and E j ∈ E ′δ . Finally, to obtain Wkq(E,E ′)≥ 0
from the inner product (skq,γT skq)≥ 0 it is only left to assume
the factorization condition which yields
Wkq(E,E ′)δE ′,E+ω = (skq,γT skq)≥ 0. (C4)
2. Symmetry
The key observation is that, since the interaction V is Her-
mitian, we have the property V†kq = Vqk. Then, one can cast
Eq. (C2) in the alternative form
(skq,γT skq) = ∑
EiE j
|〈Ei|Vkq|E j〉 |2 ∫
R
dτei(ω+Ei−E j)τ , (C5)
where Ei ∈ Eδ and E j ∈ E ′δ . From the equation above, one
deduces
(skq,γT (E,E ′;ω)skq) = (sqk,γT (E ′,E;−ω)sqk). (C6)
Therefore, assuming the factorization condition it follows
Wkq(E,E ′)δE ′,E+ω =Wqk(E ′,E)δE,E ′−ω , (C7)
from where we deduce Wkq(E,E ′) =Wqk(E ′,E).
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Appendix D: Mutual information inequality
In this appendix we proof the inequality IS:B[ρ]≥ IS:Bcg (p).
First, we note that the quantum mutual information can be
cast as IS:B[ρ] =D[ρ||ρS⊗ρB] where we have introduced the
quantum relative entropy
D[ρ||σ ] = tr[ρ(logρ− logσ)]≥ 0, (D1)
for ρ and σ two states. The relative entropy is contractive
under the action of a CPTP map E , i.e., it fulfills the property
D[ρ||σ ]≥D[E(ρ)||E(σ)]. Second, we note that the map
E [ρ] =∑
k,E
tr[ρ|k〉〈k|⊗ΠE ]|k〉〈k|⊗ ΠEVE
=∑
k,E
p(εk,E)|k〉〈k|⊗ ΠEVE , (D2)
is a valid completely-positive and trace-preserving map since
its Kraus decomposition can be read from
E [ρ] =∑
k,E
∑
Ei∈Eδ
∑
E j∈Eδ
|k,Ei〉〈k,E j|√
VE
ρ
|k,E j〉〈k,Ei|√
VE
. (D3)
Therefore, we obtain
IS:B[ρ] =D[ρ||ρS⊗ρB]
≥D[E [ρ]||E [ρS⊗ρB]] = IS:Bcg (p). (D4)
Appendix E: Analytic solution for the spin system
Here we provide the analytic solution for the spin system
studied in Sec. IV. Taking as a starting point Eq. (44), we
project into the system eigenstates from where it follows the
population rate equations
∂t p(ε0,E) = ζ (t)
γ(E,E−∆ε)
VE
×
(
VE
VE−∆ε
p(ε1,E−∆ε)− p(ε0,E)
)
,
∂t p(ε1,E) = ζ (t)
γ(E,E +∆ε)
VE
×
(
VE
VE+∆ε
p(ε0,E +∆ε)− p(ε1,E)
)
, (E1)
and we have defined γ(E,E ′) = 0 for negative energies.
Equivalently, we could have written Eq. (E1) in matrix form
by gathering all the populations p(εk,E) in the population
vector p as
∂tp = ζ (t)Λp, (E2)
where the entries of the matrix Λ should be readed from
Eq. (E1) (see below). We note that Eq. (E1) leads to the block-
diagonal structure
Λ=
⊕
Etot
Λ(Etot), (E3)
where Λ(Etot) acts on the subspace p(Etot) =
{p(ε1,E), p(ε0,E + ∆ε)} of total energy Etot = ε1 + E.
Explicitly, we can write down
Λ(Etot) = γ(E,E +∆ε)
(−1/VE 1/VE+∆ε
1/VE −1/VE+∆ε
)
, (E4)
which is a stochastic matrix. Now, we are at the position
where it is possible to integrate Eq. (E2) to arrive at
p(t) =
⊕
Etot
eΛ(Etot)Ξ(t)p(0), (E5)
where Ξ(t) =
∫ t
0 dt
′ζ (t ′). Remarkably the matrixΛ(E) has the
property
Λ(Etot)2 =−γ(E,E +∆ε)
(
1
VE
+
1
VE+∆ε
)
Λ(Etot)
≡−2γ¯(E,E +∆ε)Λ(Etot), (E6)
which leads to the final solution
eΛ(Etot)Ξ(t)p(Etot;0) =
∞
∑
n=0
(Λ(Etot)Ξ(t))n
n!
p(Etot;0)
=
(
1+
1− e−2γ¯(E,E+∆ε)Ξ(t)
2γ¯(E,E +∆ε)
Λ(Etot)
)
p(Etot;0). (E7)
Since the function ζ (t) saturates rapidly to ζ (t→ ∞) = 1, we
expect Ξ(t)∼ t at long times. Therefore, the steady-state can
be computed
peq(ε1,E)
peq(ε0,E +∆ε)
=
VE
VE+∆ε
, (E8)
while keeping constant at all times the probability of being
in a certain energy shell of total energy Etot = ε1 + E, i.e.,
p(ε1,E)+ p(ε0,E +∆ε) = constant.
Appendix F: Stronger and weaker coupling evolution
We here show the evolution of the population for stronger
and weaker coupling strengths as compared to the main text
Fig. 2. First, in the first row of Fig. 7, Fig. 8, and Fig. 9, we ob-
serve that reducing the volumes of the energy bands VE . 100
typically leads to a disagreement of the exact dynamics with
the prediction of the EMME. This expected behavior arises
from the fact that the bath is too small: recurrences are un-
avoidable and no perturbative master equation approach can
correctly capture the reduced system dynamics in this case.
Regarding the second and third rows of 8, we observe that
reducing the coupling strength λ excessively can lead to im-
precise results even though the second order approximation
becomes more accurate. The underlying reason is that, as
λ→ 0, the linewidth of a jump process becomes narrower and,
then, the system can resolve the structure of the bath energy
bands. Typically, resolving the structure of the bath energy
bands leads to a reduced effective volume of the band or, for a
17
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0.0
<latexit sha 1_base64="eIdNw3MB8Oydde 6T3TgLXv+omQk=">AAAB63ic bVDLSgMxFL1TX3V8VV26CRbB VZmpgi6LblxWtA9oh5JJM21o khmSjFCGfoIrQUHc+kWu/BvT 6Sy09UDC4Zx7ufeeMOFMG8/7 dkpr6xubW+Vtd2d3b/+gcnjU 1nGqCG2RmMeqG2JNOZO0ZZjh tJsoikXIaSec3M79zhNVmsXy 0UwTGgg8kixiBBsrPXg1b1Cp 2j8HWiV+QapQoDmofPWHMUkF lYZwrHXP9xITZFgZRjiduf1U 0wSTCR7RnqUSC6qDLF91hs6s MkRRrOyTBuXq744MC62nIrSV ApuxXvbm4n9eLzXRdZAxmaSG SrIYFKUcmRjN70ZDpigxfGoJ JorZXREZY4WJsem4rk3BX755 lbTrNf+iVr+/rDZuijzKcAKn cA4+XEED7qAJLSAwgmd4hTdH OC/Ou/OxKC05Rc8x/IHz+QPW QI06</latexit>
0.4
<latexit sha 1_base64="Eu5wX9r3GsuLcz 4WF6BjL5314hU=">AAAB63ic bVBNS8NAEJ34WeNX1aOXxSJ4 Ckkt6LHoxWNF+wFtKJvtpl26 uwm7G6GE/gRPgoJ49Rd58t+4 bXPQ1gcDj/dmmJkXpZxp4/vf ztr6xubWdmnH3d3bPzgsHx23 dJIpQpsk4YnqRFhTziRtGmY4 7aSKYhFx2o7GtzO//USVZol8 NJOUhgIPJYsZwcZKD75X65cr vufPgVZJUJAKFGj0y1+9QUIy QaUhHGvdDfzUhDlWhhFOp24v 0zTFZIyHtGupxILqMJ+fOkXn VhmgOFG2pEFz9fdEjoXWExHZ ToHNSC97M/E/r5uZ+DrMmUwz QyVZLIozjkyCZn+jAVOUGD6x BBPF7K2IjLDCxNh0XNemECz/ vEpaVS+49Kr3tUr9psijBKdw BhcQwBXU4Q4a0AQCQ3iGV3hz hPPivDsfi9Y1p5g5gT9wPn8A 3FSNPg==</latexit>
0.6
<latexit sha 1_base64="alnNGwJbbFAFyY pVLtDX/Q9sQQ8=">AAAB63ic bVBNS8NAEJ34WeNX1aOXxSJ4 CkkV9Vj04rGi/YA2lM120y7d 3YTdjVBCf4InQUG8+os8+W/c tjlo64OBx3szzMyLUs608f1v Z2V1bX1js7Tlbu/s7u2XDw6b OskUoQ2S8ES1I6wpZ5I2DDOc tlNFsYg4bUWj26nfeqJKs0Q+ mnFKQ4EHksWMYGOlB9+77JUr vufPgJZJUJAKFKj3yl/dfkIy QaUhHGvdCfzUhDlWhhFOJ243 0zTFZIQHtGOpxILqMJ+dOkGn VumjOFG2pEEz9fdEjoXWYxHZ ToHNUC96U/E/r5OZ+DrMmUwz QyWZL4ozjkyCpn+jPlOUGD62 BBPF7K2IDLHCxNh0XNemECz+ vEyaVS8496r3F5XaTZFHCY7h BM4ggCuowR3UoQEEBvAMr/Dm COfFeXc+5q0rTjFzBH/gfP4A 316NQA==</latexit>
0.8
<latexit sha 1_base64="1g4xG5KIzOljSv 5soIdZ3N7Ddls=">AAAB63ic bVBNS8NAEJ34WeNX1aOXxSJ4 CkkV7LHoxWNF+wFtKJvtpl26 uwm7G6GE/gRPgoJ49Rd58t+4 bXPQ1gcDj/dmmJkXpZxp4/vf ztr6xubWdmnH3d3bPzgsHx23 dJIpQpsk4YnqRFhTziRtGmY4 7aSKYhFx2o7GtzO//USVZol8 NJOUhgIPJYsZwcZKD75X65cr vufPgVZJUJAKFGj0y1+9QUIy QaUhHGvdDfzUhDlWhhFOp24v 0zTFZIyHtGupxILqMJ+fOkXn VhmgOFG2pEFz9fdEjoXWExHZ ToHNSC97M/E/r5uZuBbmTKaZ oZIsFsUZRyZBs7/RgClKDJ9Y goli9lZERlhhYmw6rmtTCJZ/ XiWtqhdcetX7q0r9psijBKdw BhcQwDXU4Q4a0AQCQ3iGV3hz hPPivDsfi9Y1p5g5gT9wPn8A 4miNQg==</latexit>
1.0
<latexit sha 1_base64="WBRlgQF+rTJDgP bDoATTXdMX+/U=">AAAB63ic bVBNS8NAEJ3Urxq/qh69LBbB U0iqoMeiF48V7Qe0oWy2m3bp 7ibsboQS+hM8CQri1V/kyX/j ts1BWx8MPN6bYWZelHKmje9/ O6W19Y3NrfK2u7O7t39QOTxq 6SRThDZJwhPVibCmnEnaNMxw 2kkVxSLitB2Nb2d++4kqzRL5 aCYpDQUeShYzgo2VHgLP71eq vufPgVZJUJAqFGj0K1+9QUIy QaUhHGvdDfzUhDlWhhFOp24v 0zTFZIyHtGupxILqMJ+fOkVn VhmgOFG2pEFz9fdEjoXWExHZ ToHNSC97M/E/r5uZ+DrMmUwz QyVZLIozjkyCZn+jAVOUGD6x BBPF7K2IjLDCxNh0XNemECz/ vEpaNS+48Gr3l9X6TZFHGU7g FM4hgCuowx00oAkEhvAMr/Dm COfFeXc+Fq0lp5g5hj9wPn8A 18eNOw==</latexit>
0
<latexit sha1_base64="A4 pWeu8u88J2zzBx1yl6gQUhZeM=">AAAB6XicbVBNS8NAEJ3U r1q/qh69LBbBU0mqoMeiF48t2A9oQ9lsJ+3SzSbsboQS+gs8 CQri1Z/kyX/jts1BWx8MPN6bYWZekAiujet+O4WNza3tneJu aW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hk fu53nlBpHstHM03Qj+hI8pAzaqzUdAflilt1FyDrxMtJBXI0 BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC 7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+X mvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m1LJpuCt/rxO2rWqd1WtNa8r9bs8jyKcwTlcggc3UIcHaEAL GCA8wyu8ORPnxXl3PpatBSefOYU/cD5/AP0BjMg=</latexi t>
20
<latexit sha1_base64="la DA/WVTKvjQwfbEhwCxASlvA+g=">AAAB6nicbVBNS8NAEJ3U r1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2k3bpZhN2N0IJ/Qee BAXx6j/y5L9x2+agrQ8GHu/NMDMvSATXxnW/ncLa+sbmVnG7 tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8 O/PbT6g0j+WjmSToR3QoecgZNVZ6qLn9csWtunOQVeLlpAI5 Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoa ofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/X TU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZ G06pZFPwln9eJa1a1buo1u4vK/WbPI8inMApnIMHV1CHO2hA ExiE8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBuIY0E</latexi t>
40
<latexit sha1_base64="X2jWnYPIrI6U6qasO1p3TStdEs g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWMV+wFtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctjlo64OBx3sz zMwLEsG1cd1vZ219Y3Nru7BT3N3bPzgsHR23dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+nfntJ1Sax/LRTBL0IzqUPOSM Gis91Nx+qexW3DnIKvFyUoYcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdSyWNUPvZ/NIpObfKgISxsiUNmau/ JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsbTLgCpkRE0soU9zeStiIKsqMDadYtCl4yz+vkla14l1Wqve1 cv0mz6MAp3AGF+DBFdThDhrQBAYhPMMrvDnCeXHenY9F65qTz5zAHzifP3EtjQY=</latexit>
60
<latexit sha1_base64="YupvalQuRJ7lkEpaOV9rMQT+KN Q=">AAAB6nicbVBNS8NAEJ34WeNX1aOXxSJ4KkkV9Vj04rGK/YA2lM120y7dbMLuRCil/8CToCBe/Uee/Ddu2xy09cHA470Z ZuaFqRQGPe/bWVldW9/YLGy52zu7e/vFg8OGSTLNeJ0lMtGtkBouheJ1FCh5K9WcxqHkzXB4O/WbT1wbkahHHKU8iGlfiUgw ilZ6uPS6xZJX9mYgy8TPSQly1LrFr04vYVnMFTJJjWn7XorBmGoUTPKJ28kMTykb0j5vW6pozE0wnl06IadW6ZEo0bYUkpn6 e2JMY2NGcWg7Y4oDs+hNxf+8dobRdTAWKs2QKzZfFGWSYEKmb5Oe0JyhHFlCmRb2VsIGVFOGNhzXtSn4iz8vk0al7J+XK/cX pepNnkcBjuEEzsCHK6jCHdSgDgwieIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwB0OY0I</latexit>
80
<latexit sha1_base64="xPtqySibp1jBhAYcylckwOaOfi g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHoxWMV+wFtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctjlo64OBx3sz zMwLEsG1cd1vZ219Y3Nru7BT3N3bPzgsHR23dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+nfntJ1Sax/LRTBL0IzqUPOSM Gis91Nx+qexW3DnIKvFyUoYcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdSyWNUPvZ/NIpObfKgISxsiUNmau/ JzIaaT2JAtsZUTPSy95M/M/rpias+RmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlMs2hS85Z9XSata8S4r1fur cv0mz6MAp3AGF+DBNdThDhrQBAYhPMMrvDnCeXHenY9F65qTz5zAHzifP3dFjQo=</latexit>
0
<latexit sha1_base64="A4pWeu8u88J2zzBx1yl6gQUhZe M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jts1BWx8MPN6b YWZekAiujet+O4WNza3tneJuaW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAz aqzUdAflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6e yGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m1LJpuCt/rxO2rWqd1WtNa8r 9bs8jyKcwTlcggc3UIcHaEALGCA8wyu8ORPnxXl3PpatBSefOYU/cD5/AP0BjMg=</latexit>
20
<latexit sha1_base64="laDA/WVTKvjQwfbEhwCxASlvA+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V 7Ae0oWy2k3bpZhN2N0IJ/QeeBAXx6j/y5L9x2+agrQ8GHu/NMDMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qLn9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+ RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG06pZFPwln9eJa1a1buo1u4vK/WbPI8inMApnIMHV1CHO2hAExiE8Ayv8OYI58V5dz4WrQUn nzmGP3A+fwBuIY0E</latexit>
40
<latexit sha1_base64="X2jWnYPIrI6U6qasO1p3TStdEsg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWMV +wFtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7BT3N3bPzgsHR23dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+nfntJ1Sax/LRTBL0IzqUPOSMGis91Nx+qexW3DnIKvFyUoYcjX7pqzeIWRqhNExQrbuemxg/ o8pwJnBa7KUaE8rGdIhdSyWNUPvZ/NIpObfKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsbTLgCpkRE0soU9zeStiIKsqMDadYtCl4yz+vkla14l1Wqve1cv0mz6MAp3AGF+DBFdThDhrQBAYhPMMrvDnCeXHenY9F65qT z5zAHzifP3EtjQY=</latexit>
60
<latexit sha1_base64="YupvalQuRJ7lkEpaOV9rMQT+KNQ=">AAAB6nicbVBNS8NAEJ34WeNX1aOXxSJ4KkkV9Vj04rGK /YA2lM120y7dbMLuRCil/8CToCBe/Uee/Ddu2xy09cHA470ZZuaFqRQGPe/bWVldW9/YLGy52zu7e/vFg8OGSTLNeJ0lMtGtkBouheJ1FCh5K9WcxqHkzXB4O/WbT1wbkahHHKU8iGlfiUgwilZ6uPS6xZJX9mYgy8TPSQly1LrFr04vYVnMFTJJjWn7XorB mGoUTPKJ28kMTykb0j5vW6pozE0wnl06IadW6ZEo0bYUkpn6e2JMY2NGcWg7Y4oDs+hNxf+8dobRdTAWKs2QKzZfFGWSYEKmb5Oe0JyhHFlCmRb2VsIGVFOGNhzXtSn4iz8vk0al7J+XK/cXpepNnkcBjuEEzsCHK6jCHdSgDgwieIZXeHOk8+K8Ox/z1hUn nzmCP3A+fwB0OY0I</latexit>
80
<latexit sha1_base64="xPtqySibp1jBhAYcylckwOaOfig=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHoxWMV +wFtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7BT3N3bPzgsHR23dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+nfntJ1Sax/LRTBL0IzqUPOSMGis91Nx+qexW3DnIKvFyUoYcjX7pqzeIWRqhNExQrbuemxg/ o8pwJnBa7KUaE8rGdIhdSyWNUPvZ/NIpObfKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpias+RmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlMs2hS85Z9XSata8S4r1furcv0mz6MAp3AGF+DBNdThDhrQBAYhPMMrvDnCeXHenY9F65qT z5zAHzifP3dFjQo=</latexit>
0
<latexit sha1_base64="A4pWeu8u88J2zzBx1yl6gQUhZeM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t 2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jts1BWx8MPN6bYWZekAiujet+O4WNza3tneJuaW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAzaqzUdAflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyM KsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m1LJpuCt/rxO2rWqd1WtNa8r9bs8jyKcwTlcggc3UIcHaEALGCA8wyu8ORPnxXl3PpatBSef OYU/cD5/AP0BjMg=</latexit>
20
<latexit sha1_base64="laDA/WVTKvjQwfbEhwCxASlvA+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V 7Ae0oWy2k3bpZhN2N0IJ/QeeBAXx6j/y5L9x2+agrQ8GHu/NMDMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qLn9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+ RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG06pZFPwln9eJa1a1buo1u4vK/WbPI8inMApnIMHV1CHO2hAExiE8Ayv8OYI58V5dz4WrQUn nzmGP3A+fwBuIY0E</latexit>
40
<latexit sha1_base64="X2jWnYPIrI6U6qasO1p3TStdEsg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWMV +wFtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7BT3N3bPzgsHR23dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+nfntJ1Sax/LRTBL0IzqUPOSMGis91Nx+qexW3DnIKvFyUoYcjX7pqzeIWRqhNExQrbuemxg/ o8pwJnBa7KUaE8rGdIhdSyWNUPvZ/NIpObfKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsbTLgCpkRE0soU9zeStiIKsqMDadYtCl4yz+vkla14l1Wqve1cv0mz6MAp3AGF+DBFdThDhrQBAYhPMMrvDnCeXHenY9F65qT z5zAHzifP3EtjQY=</latexit>
60
<latexit sha1_base64="YupvalQuRJ7lkEpaOV9rMQT+KNQ=">AAAB6nicbVBNS8NAEJ34WeNX1aOXxSJ4KkkV9Vj04rGK/YA2lM120y7dbMLuRCil/8CToCBe/Uee/Ddu2xy09cHA470ZZuaFqRQGPe/bWVldW9/YLGy52zu7e/vFg8OGSTLNeJ0lMtGt kBouheJ1FCh5K9WcxqHkzXB4O/WbT1wbkahHHKU8iGlfiUgwilZ6uPS6xZJX9mYgy8TPSQly1LrFr04vYVnMFTJJjWn7XorBmGoUTPKJ28kMTykb0j5vW6pozE0wnl06IadW6ZEo0bYUkpn6e2JMY2NGcWg7Y4oDs+hNxf+8dobRdTAWKs2QKzZfFGWSYEKmb5Oe0JyhHFlCmRb2VsIGVFOGNhzXtSn4iz8vk0al7J+XK/cXpepNnkcBjuEEzsCHK6jCHdSgDgwieIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwB0OY0I</latexit>
80
<latexit sha1_base64="xPtqySibp1jBhAYcylckwOaOfig=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHoxWMV+wFtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7BT3N3bPzgsHR23dJwqhk0Wi1h1 AqpRcIlNw43ATqKQRoHAdjC+nfntJ1Sax/LRTBL0IzqUPOSMGis91Nx+qexW3DnIKvFyUoYcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdSyWNUPvZ/NIpObfKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpias+RmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlMs2hS85Z9XSata8S4r1furcv0mz6MAp3AGF+DBNdThDhrQBAYhPMMrvDnCeXHenY9F65qTz5zAHzifP3dFjQo=</latexit>
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FIG. 7. Comparison of the evolution of the joint probability p(ε1,E = ε0) for a spin system coupled to a two bands bath (see Fig. 2 for details).
Parameters: λ = 3×10−3, δ = 0.5, ε0 = 0, ε1 = 1, and Vε0 = 20 and Vε1 = 40.
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<latexit sha1 _base64="eIdNw3MB8Oydde6 T3TgLXv+omQk=">AAAB63icb VDLSgMxFL1TX3V8VV26CRbBVZ mpgi6LblxWtA9oh5JJM21okh mSjFCGfoIrQUHc+kWu/BvT6S y09UDC4Zx7ufeeMOFMG8/7dk pr6xubW+Vtd2d3b/+gcnjU1nG qCG2RmMeqG2JNOZO0ZZjhtJs oikXIaSec3M79zhNVmsXy0Uw TGgg8kixiBBsrPXg1b1Cp2j8H WiV+QapQoDmofPWHMUkFlYZw rHXP9xITZFgZRjiduf1U0wST CR7RnqUSC6qDLF91hs6sMkRRr OyTBuXq744MC62nIrSVApuxX vbm4n9eLzXRdZAxmaSGSrIYF KUcmRjN70ZDpigxfGoJJorZX REZY4WJsem4rk3BX755lbTrNf +iVr+/rDZuijzKcAKncA4+XE ED7qAJLSAwgmd4hTdHOC/Ou/ OxKC05Rc8x/IHz+QPWQI06</l atexit>
0.4
<latexit sha1 _base64="Eu5wX9r3GsuLcz4 WF6BjL5314hU=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kt6LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaVS +49Kr3tUr9psijBKdwBhcQwB XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A3FSNPg= =</latexit>
0.6
<latexit sha1 _base64="alnNGwJbbFAFyYp VLtDX/Q9sQQ8=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV9Vj04rGi/YA2lM120y7d3Y TdjVBCf4InQUG8+os8+W/ctj lo64OBx3szzMyLUs608f1vZ2 V1bX1js7Tlbu/s7u2XDw6bOsk UoQ2S8ES1I6wpZ5I2DDOctlN FsYg4bUWj26nfeqJKs0Q+mnF KQ4EHksWMYGOlB9+77JUrvufP gJZJUJAKFKj3yl/dfkIyQaUh HGvdCfzUhDlWhhFOJ2430zTF ZIQHtGOpxILqMJ+dOkGnVumjO FG2pEEz9fdEjoXWYxHZToHNU C96U/E/r5OZ+DrMmUwzQyWZL 4ozjkyCpn+jPlOUGD62BBPF7 K2IDLHCxNh0XNemECz+vEyaVS 8496r3F5XaTZFHCY7hBM4ggC uowR3UoQEEBvAMr/DmCOfFeX c+5q0rTjFzBH/gfP4A316NQA= =</latexit>
.8
<latexit sha1 _base64="1g4xG5KIzOljSv5 soIdZ3N7Ddls=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV7LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZuBbmTKaZoZIsF sUZRyZBs7/RgClKDJ9Ygoli9 lZERlhhYmw6rmtTCJZ/XiWtqh dcetX7q0r9psijBKdwBhcQwD XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A4miNQg= =</latexit>
1.
<latexit sha1 _base64="WBRlgQF+rTJDgPb DoATTXdMX+/U=">AAAB63icb VBNS8NAEJ3Urxq/qh69LBbBU0 iqoMeiF48V7Qe0oWy2m3bp7i bsboQS+hM8CQri1V/kyX/jts 1BWx8MPN6bYWZelHKmje9/O6 W19Y3NrfK2u7O7t39QOTxq6SR ThDZJwhPVibCmnEnaNMxw2kk VxSLitB2Nb2d++4kqzRL5aCY pDQUeShYzgo2VHgLP71eqvufP gVZJUJAqFGj0K1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkVnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaNS +48Gr3l9X6TZFHGU7gFM4hgC uowx00oAkEhvAMr/DmCOfFeX c+Fq0lp5g5hj9wPn8A18eNOw= =</latexit>
0.2
<latexit sha1 _base64="GzsZqpxV2LQOVKv zTRk3JbUEU+0=">AAAB63icb VBNS8NAEJ3Urxq/qh69LBbBU0 iqoMeiF48V7Qe0oWy2m3bp7i bsboQS+hM8CQri1V/kyX/jts 1BWx8MPN6bYWZelHKmje9/O6 W19Y3NrfK2u7O7t39QOTxq6SR ThDZJwhPVibCmnEnaNMxw2kk VxSLitB2Nb2d++4kqzRL5aCY pDQUeShYzgo2VHnyv1q9Ufc+f A62SoCBVKNDoV756g4RkgkpD ONa6G/ipCXOsDCOcTt1epmmK yRgPaddSiQXVYT4/dYrOrDJAc aJsSYPm6u+JHAutJyKynQKbk V72ZuJ/Xjcz8XWYM5lmhkqyW BRnHJkEzf5GA6YoMXxiCSaK2 VsRGWGFibHpuK5NIVj+eZW0al 5w4dXuL6v1myKPMpzAKZxDAF dQhztoQBMIDOEZXuHNEc6L8+ 58LFpLTjFzDH/gfP4A2UqNPA= =</latexit>
0.0
<latexit sha1 _base64="eIdNw3MB8Oydde6 T3TgLXv+omQk=">AAAB63icb VDLSgMxFL1TX3V8VV26CRbBVZ mpgi6LblxWtA9oh5JJM21okh mSjFCGfoIrQUHc+kWu/BvT6S y09UDC4Zx7ufeeMOFMG8/7dk pr6xubW+Vtd2d3b/+gcnjU1nG qCG2RmMeqG2JNOZO0ZZjhtJs oikXIaSec3M79zhNVmsXy0Uw TGgg8kixiBBsrPXg1b1Cp2j8H WiV+QapQoDmofPWHMUkFlYZw rHXP9xITZFgZRjiduf1U0wST CR7RnqUSC6qDLF91hs6sMkRRr OyTBuXq744MC62nIrSVApuxX vbm4n9eLzXRdZAxmaSGSrIYF KUcmRjN70ZDpigxfGoJJorZX REZY4WJsem4rk3BX755lbTrNf +iVr+/rDZuijzKcAKncA4+XE ED7qAJLSAwgmd4hTdHOC/Ou/ OxKC05Rc8x/IHz+QPWQI06</l atexit>
0.4
<latexit sha1 _base64="Eu5wX9r3GsuLcz4 WF6BjL5314hU=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kt6LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaVS +49Kr3tUr9psijBKdwBhcQwB XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A3FSNPg= =</latexit>
0.6
<latexit sha1 _base64="alnNGwJbbFAFyYp VLtDX/Q9sQQ8=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV9Vj04rGi/YA2lM120y7d3Y TdjVBCf4InQUG8+os8+W/ctj lo64OBx3szzMyLUs608f1vZ2 V1bX1js7Tlbu/s7u2XDw6bOsk UoQ2S8ES1I6wpZ5I2DDOctlN FsYg4bUWj26nfeqJKs0Q+mnF KQ4EHksWMYGOlB9+77JUrvufP gJZJUJAKFKj3yl/dfkIyQaUh HGvdCfzUhDlWhhFOJ2430zTF ZIQHtGOpxILqMJ+dOkGnVumjO FG2pEEz9fdEjoXWYxHZToHNU C96U/E/r5OZ+DrMmUwzQyWZL 4ozjkyCpn+jPlOUGD62BBPF7 K2IDLHCxNh0XNemECz+vEyaVS 8496r3F5XaTZFHCY7hBM4ggC uowR3UoQEEBvAMr/DmCOfFeX c+5q0rTjFzBH/gfP4A316NQA= =</latexit>
8
<latexit sha1 _base64="1g4xG5KIzOljSv5 soIdZ3N7Ddls=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV7LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZuBbmTKaZoZIsF sUZRyZBs7/RgClKDJ9Ygoli9 lZERlhhYmw6rmtTCJZ/XiWtqh dcetX7q0r9psijBKdwBhcQwD XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A4miNQg= =</latexit>
0
<latexit sha1 _base64="WBRlgQF+rTJDgPb DoATTXdMX+/U=">AAAB63icb VBNS8NAEJ3Urxq/qh69LBbBU0 iqoMeiF48V7Qe0oWy2m3bp7i bsboQS+hM8CQri1V/kyX/jts 1BWx8MPN6bYWZelHKmje9/O6 W19Y3NrfK2u7O7t39QOTxq6SR ThDZJwhPVibCmnEnaNMxw2kk VxSLitB2Nb2d++4kqzRL5aCY pDQUeShYzgo2VHgLP71eqvufP gVZJUJAqFGj0K1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkVnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaNS +48Gr3l9X6TZFHGU7gFM4hgC uowx00oAkEhvAMr/DmCOfFeX c+Fq0lp5g5hj9wPn8A18eNOw= =</latexit>
0.2
<latexit sha1 _base64="GzsZqpxV2LQOVKv zTRk3JbUEU+0=">AAAB63icb VBNS8NAEJ3Urxq/qh69LBbBU0 iqoMeiF48V7Qe0oWy2m3bp7i bsboQS+hM8CQri1V/kyX/jts 1BWx8MPN6bYWZelHKmje9/O6 W19Y3NrfK2u7O7t39QOTxq6SR ThDZJwhPVibCmnEnaNMxw2kk VxSLitB2Nb2d++4kqzRL5aCY pDQUeShYzgo2VHnyv1q9Ufc+f A62SoCBVKNDoV756g4RkgkpD ONa6G/ipCXOsDCOcTt1epmmK yRgPaddSiQXVYT4/dYrOrDJAc aJsSYPm6u+JHAutJyKynQKbk V72ZuJ/Xjcz8XWYM5lmhkqyW BRnHJkEzf5GA6YoMXxiCSaK2 VsRGWGFibHpuK5NIVj+eZW0al 5w4dXuL6v1myKPMpzAKZxDAF dQhztoQBMIDOEZXuHNEc6L8+ 58LFpLTjFzDH/gfP4A2UqNPA= =</latexit>
0.0
<latexit sha1 _base64="eIdNw3MB8Oydde6 T3TgLXv+omQk=">AAAB63icb VDLSgMxFL1TX3V8VV26CRbBVZ mpgi6LblxWtA9oh5JJM21okh mSjFCGfoIrQUHc+kWu/BvT6S y09UDC4Zx7ufeeMOFMG8/7dk pr6xubW+Vtd2d3b/+gcnjU1nG qCG2RmMeqG2JNOZO0ZZjhtJs oikXIaSec3M79zhNVmsXy0Uw TGgg8kixiBBsrPXg1b1Cp2j8H WiV+QapQoDmofPWHMUkFlYZw rHXP9xITZFgZRjiduf1U0wST CR7RnqUSC6qDLF91hs6sMkRRr OyTBuXq744MC62nIrSVApuxX vbm4n9eLzXRdZAxmaSGSrIYF KUcmRjN70ZDpigxfGoJJorZX REZY4WJsem4rk3BX755lbTrNf +iVr+/rDZuijzKcAKncA4+XE ED7qAJLSAwgmd4hTdHOC/Ou/ OxKC05Rc8x/IHz+QPWQI06</l atexit>
0.4
<latexit sha1 _base64="Eu5wX9r3GsuLcz4 WF6BjL5314hU=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kt6LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaVS +49Kr3tUr9psijBKdwBhcQwB XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A3FSNPg= =</latexit>
0.6
<latexit sha1 _base64="alnNGwJbbFAFyYp VLtDX/Q9sQQ8=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV9Vj04rGi/YA2lM120y7d3Y TdjVBCf4InQUG8+os8+W/ctj lo64OBx3szzMyLUs608f1vZ2 V1bX1js7Tlbu/s7u2XDw6bOsk UoQ2S8ES1I6wpZ5I2DDOctlN FsYg4bUWj26nfeqJKs0Q+mnF KQ4EHksWMYGOlB9+77JUrvufP gJZJUJAKFKj3yl/dfkIyQaUh HGvdCfzUhDlWhhFOJ2430zTF ZIQHtGOpxILqMJ+dOkGnVumjO FG2pEEz9fdEjoXWYxHZToHNU C96U/E/r5OZ+DrMmUwzQyWZL 4ozjkyCpn+jPlOUGD62BBPF7 K2IDLHCxNh0XNemECz+vEyaVS 8496r3F5XaTZFHCY7hBM4ggC uowR3UoQEEBvAMr/DmCOfFeX c+5q0rTjFzBH/gfP4A316NQA= =</latexit>
0.8
<latexit sha1 _base64="1g4xG5KIzOljSv5 soIdZ3N7Ddls=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV7LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZuBbmTKaZoZIsF sUZRyZBs7/RgClKDJ9Ygoli9 lZERlhhYmw6rmtTCJZ/XiWtqh dcetX7q0r9psijBKdwBhcQwD XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A4miNQg= =</latexit>
1.0
<latexit sha1 _base64="WBRlgQF+rTJDgPb DoATTXdMX+/U=">AAAB63icb VBNS8NAEJ3Urxq/qh69LBbBU0 iqoMeiF48V7Qe0oWy2m3bp7i bsboQS+hM8CQri1V/kyX/jts 1BWx8MPN6bYWZelHKmje9/O6 W19Y3NrfK2u7O7t39QOTxq6SR ThDZJwhPVibCmnEnaNMxw2kk VxSLitB2Nb2d++4kqzRL5aCY pDQUeShYzgo2VHgLP71eqvufP gVZJUJAqFGj0K1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkVnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaNS +48Gr3l9X6TZFHGU7gFM4hgC uowx00oAkEhvAMr/DmCOfFeX c+Fq0lp5g5hj9wPn8A18eNOw= =</latexit>
[ ⇥102]
<latexit sha1_base64="WBIfSwiOOYSvi1wlie+ElrF3Zg0=">AA ACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoMuiG5cV7APSWCaTSTt08nDmRiih4MZfceNCEbf+hDv/xmmahbYemOFwzr3ce4+XCK7Asr6N 0tLyyupaeb2ysbm1vWPu7rVVnErKWjQWsex6RDHBI9YCDoJ1E8lI6AnW8UZXU7/zwKTicXQL44S5IRlEPOCUgJb65oHTu0+Jn3+4BzxkCt vWXVafuH2zatWsHHiR2AWpogLNvvnV82OahiwCKohSjm0l4GZEAqeCTSq9VLGE0BEZMEfTiOhhbpbfMMHHWvFxEEv9IsC5+rsjI6FS49DTl SGBoZr3puJ/npNCcOFmPEpSYBGdDQpSgSHG00CwzyWjIMaaECq53hXTIZGEgo6tokOw509eJO16zT6t1W/Oqo3LIo4yOkRH6ATZ6Bw10DV qohai6BE9o1f0ZjwZL8a78TErLRlFzz76A+PzBwwYlyA=</latexit>
[ ⇥102]
<latexit sha1_base64="WBIfSwiOOYSvi1wlie+ElrF3Zg0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoMuiG5cV7APSWCaTSTt 08nDmRiih4MZfceNCEbf+hDv/xmmahbYemOFwzr3ce4+XCK7Asr6N0tLyyupaeb2ysbm1vWPu7rVVnErKWjQWsex6RDHBI9YCDoJ1E8lI6AnW8UZXU7/zwKTicXQL44S5IRlEPOCUgJb65oHTu0+Jn3+4BzxkCtvWXVafuH2zatWsHHiR2AWpogLNvvnV82OahiwCKohSjm0l4GZEAqe CTSq9VLGE0BEZMEfTiOhhbpbfMMHHWvFxEEv9IsC5+rsjI6FS49DTlSGBoZr3puJ/npNCcOFmPEpSYBGdDQpSgSHG00CwzyWjIMaaECq53hXTIZGEgo6tokOw509eJO16zT6t1W/Oqo3LIo4yOkRH6ATZ6Bw10DVqohai6BE9o1f0ZjwZL8a78TErLRlFzz76A+PzBwwYlyA=</latexi t>
[ ⇥102]
<latexit sha1_base64="WBIfSwiOOYSvi1wlie+ElrF3Zg0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoMuiG5cV7APSWCaTSTt 08nDmRiih4MZfceNCEbf+hDv/xmmahbYemOFwzr3ce4+XCK7Asr6N0tLyyupaeb2ysbm1vWPu7rVVnErKWjQWsex6RDHBI9YCDoJ1E8lI6AnW8UZXU7/zwKTicXQL44S5IRlEPOCUgJb65oHTu0+Jn3+4BzxkCtvWXVafuH2zatWsHHiR2AWpogLNvvnV82OahiwCKohSjm0l4GZEAqe CTSq9VLGE0BEZMEfTiOhhbpbfMMHHWvFxEEv9IsC5+rsjI6FS49DTlSGBoZr3puJ/npNCcOFmPEpSYBGdDQpSgSHG00CwzyWjIMaaECq53hXTIZGEgo6tokOw509eJO16zT6t1W/Oqo3LIo4yOkRH6ATZ6Bw10DVqohai6BE9o1f0ZjwZL8a78TErLRlFzz76A+PzBwwYlyA=</latexi t>
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[ ⇥104]
<latexit sha1_base64="+BqhEOtXy2fjikMBRd9fwjlsH24=">AA ACA3icbVDLSsNAFL3xWesr6k43g0VwVZJa0GXRjcsK9gFpLJPJpB06eTgzEUoouPFX3LhQxK0/4c6/cZpmoa0HZjiccy/33uMlnEllWd/G 0vLK6tp6aaO8ubW9s2vu7bdlnApCWyTmseh6WFLOItpSTHHaTQTFocdpxxtdTf3OAxWSxdGtGifUDfEgYgEjWGmpbx46vfsU+/mHeoqFVC LbusvqE7dvVqyqlQMtErsgFSjQ7JtfPT8maUgjRTiW0rGtRLkZFooRTiflXippgskID6ijaYT1MDfLb5igE634KIiFfpFCufq7I8OhlOPQ0 5UhVkM5703F/zwnVcGFm7EoSRWNyGxQkHKkYjQNBPlMUKL4WBNMBNO7IjLEAhOlYyvrEOz5kxdJu1a1z6q1m3qlcVnEUYIjOIZTsOEcGnA NTWgBgUd4hld4M56MF+Pd+JiVLhlFzwH8gfH5Aw8klyI=</latexit>
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FIG. 8. Comparison of the evolution of the joint probability p(ε1,E = ε0) for a spin system coupled to a two bands bath (see Fig. 2 for details).
First row: Vε0 = 20 and Vε1 = 40. Second row: Vε0 = 400 and Vε1 = 600. Third row: Vε0 = 600 and Vε1 = 400. Parameters: λ = 5× 10−4,
δ = 0.5, ε0 = 0, and ε1 = 1.
very small number of available levels, may avoid thermaliza-
tion completely.
In the opposite limit of a “large” coupling λ (see Fig. 9),
the EMME fails to describe the transient behavior while the
steady state is correctly predicted. Of course, for sufficiently
large λ , the second order approximation breaks down com-
pletely leading to an incorrect description of the dynamics.
The aforementioned observations are in unison with the
findings in [9], where upper and lower bounds for the cou-
pling strength were found to the validity of their microcanon-
ical master equation.
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<latexit sha1 _base64="eIdNw3MB8Oydde6 T3TgLXv+omQk=">AAAB63icb VDLSgMxFL1TX3V8VV26CRbBVZ mpgi6LblxWtA9oh5JJM21okh mSjFCGfoIrQUHc+kWu/BvT6S y09UDC4Zx7ufeeMOFMG8/7dk pr6xubW+Vtd2d3b/+gcnjU1nG qCG2RmMeqG2JNOZO0ZZjhtJs oikXIaSec3M79zhNVmsXy0Uw TGgg8kixiBBsrPXg1b1Cp2j8H WiV+QapQoDmofPWHMUkFlYZw rHXP9xITZFgZRjiduf1U0wST CR7RnqUSC6qDLF91hs6sMkRRr OyTBuXq744MC62nIrSVApuxX vbm4n9eLzXRdZAxmaSGSrIYF KUcmRjN70ZDpigxfGoJJorZX REZY4WJsem4rk3BX755lbTrNf +iVr+/rDZuijzKcAKncA4+XE ED7qAJLSAwgmd4hTdHOC/Ou/ OxKC05Rc8x/IHz+QPWQI06</l atexit>
0.4
<latexit sha1 _base64="Eu5wX9r3GsuLcz4 WF6BjL5314hU=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kt6LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaVS +49Kr3tUr9psijBKdwBhcQwB XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A3FSNPg= =</latexit>
0.6
<latexit sha1 _base64="alnNGwJbbFAFyYp VLtDX/Q9sQQ8=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV9Vj04rGi/YA2lM120y7d3Y TdjVBCf4InQUG8+os8+W/ctj lo64OBx3szzMyLUs608f1vZ2 V1bX1js7Tlbu/s7u2XDw6bOsk UoQ2S8ES1I6wpZ5I2DDOctlN FsYg4bUWj26nfeqJKs0Q+mnF KQ4EHksWMYGOlB9+77JUrvufP gJZJUJAKFKj3yl/dfkIyQaUh HGvdCfzUhDlWhhFOJ2430zTF ZIQHtGOpxILqMJ+dOkGnVumjO FG2pEEz9fdEjoXWYxHZToHNU C96U/E/r5OZ+DrMmUwzQyWZL 4ozjkyCpn+jPlOUGD62BBPF7 K2IDLHCxNh0XNemECz+vEyaVS 8496r3F5XaTZFHCY7hBM4ggC uowR3UoQEEBvAMr/DmCOfFeX c+5q0rTjFzBH/gfP4A316NQA= =</latexit>
0.8
<latexit sha1 _base64="1g4xG5KIzOljSv5 soIdZ3N7Ddls=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV7LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZuBbmTKaZoZIsF sUZRyZBs7/RgClKDJ9Ygoli9 lZERlhhYmw6rmtTCJZ/XiWtqh dcetX7q0r9psijBKdwBhcQwD XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A4miNQg= =</latexit>
1.0
<latexit sha1 _base64="WBRlgQF+rTJDgPb DoATTXdMX+/U=">AAAB63icb VBNS8NAEJ3Urxq/qh69LBbBU0 iqoMeiF48V7Qe0oWy2m3bp7i bsboQS+hM8CQri1V/kyX/jts 1BWx8MPN6bYWZelHKmje9/O6 W19Y3NrfK2u7O7t39QOTxq6SR ThDZJwhPVibCmnEnaNMxw2kk VxSLitB2Nb2d++4kqzRL5aCY pDQUeShYzgo2VHgLP71eqvufP gVZJUJAqFGj0K1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkVnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaNS +48Gr3l9X6TZFHGU7gFM4hgC uowx00oAkEhvAMr/DmCOfFeX c+Fq0lp5g5hj9wPn8A18eNOw= =</latexit>
0.2
<latexit sha1 _base64="GzsZqpxV2LQOVKv zTRk3JbUEU+0=">AAAB63icb VBNS8NAEJ3Urxq/qh69LBbBU0 iqoMeiF48V7Qe0oWy2m3bp7i bsboQS+hM8CQri1V/kyX/jts 1BWx8MPN6bYWZelHKmje9/O6 W19Y3NrfK2u7O7t39QOTxq6SR ThDZJwhPVibCmnEnaNMxw2kk VxSLitB2Nb2d++4kqzRL5aCY pDQUeShYzgo2VHnyv1q9Ufc+f A62SoCBVKNDoV756g4RkgkpD ONa6G/ipCXOsDCOcTt1epmmK yRgPaddSiQXVYT4/dYrOrDJAc aJsSYPm6u+JHAutJyKynQKbk V72ZuJ/Xjcz8XWYM5lmhkqyW BRnHJkEzf5GA6YoMXxiCSaK2 VsRGWGFibHpuK5NIVj+eZW0al 5w4dXuL6v1myKPMpzAKZxDAF dQhztoQBMIDOEZXuHNEc6L8+ 58LFpLTjFzDH/gfP4A2UqNPA= =</latexit>
0.0
<latexit sha1 _base64="eIdNw3MB8Oydde6 T3TgLXv+omQk=">AAAB63icb VDLSgMxFL1TX3V8VV26CRbBVZ mpgi6LblxWtA9oh5JJM21okh mSjFCGfoIrQUHc+kWu/BvT6S y09UDC4Zx7ufeeMOFMG8/7dk pr6xubW+Vtd2d3b/+gcnjU1nG qCG2RmMeqG2JNOZO0ZZjhtJs oikXIaSec3M79zhNVmsXy0Uw TGgg8kixiBBsrPXg1b1Cp2j8H WiV+QapQoDmofPWHMUkFlYZw rHXP9xITZFgZRjiduf1U0wST CR7RnqUSC6qDLF91hs6sMkRRr OyTBuXq744MC62nIrSVApuxX vbm4n9eLzXRdZAxmaSGSrIYF KUcmRjN70ZDpigxfGoJJorZX REZY4WJsem4rk3BX755lbTrNf +iVr+/rDZuijzKcAKncA4+XE ED7qAJLSAwgmd4hTdHOC/Ou/ OxKC05Rc8x/IHz+QPWQI06</l atexit>
0.4
<latexit sha1 _base64="Eu5wX9r3GsuLcz4 WF6BjL5314hU=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kt6LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaVS +49Kr3tUr9psijBKdwBhcQwB XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A3FSNPg= =</latexit>
0.6
<latexit sha1 _base64="alnNGwJbbFAFyYp VLtDX/Q9sQQ8=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV9Vj04rGi/YA2lM120y7d3Y TdjVBCf4InQUG8+os8+W/ctj lo64OBx3szzMyLUs608f1vZ2 V1bX1js7Tlbu/s7u2XDw6bOsk UoQ2S8ES1I6wpZ5I2DDOctlN FsYg4bUWj26nfeqJKs0Q+mnF KQ4EHksWMYGOlB9+77JUrvufP gJZJUJAKFKj3yl/dfkIyQaUh HGvdCfzUhDlWhhFOJ2430zTF ZIQHtGOpxILqMJ+dOkGnVumjO FG2pEEz9fdEjoXWYxHZToHNU C96U/E/r5OZ+DrMmUwzQyWZL 4ozjkyCpn+jPlOUGD62BBPF7 K2IDLHCxNh0XNemECz+vEyaVS 8496r3F5XaTZFHCY7hBM4ggC uowR3UoQEEBvAMr/DmCOfFeX c+5q0rTjFzBH/gfP4A316NQA= =</latexit>
0.8
<latexit sha1 _base64="1g4xG5KIzOljSv5 soIdZ3N7Ddls=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV7LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZuBbmTKaZoZIsF sUZRyZBs7/RgClKDJ9Ygoli9 lZERlhhYmw6rmtTCJZ/XiWtqh dcetX7q0r9psijBKdwBhcQwD XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A4miNQg= =</latexit>
1.0
<latexit sha1 _base64="WBRlgQF+rTJDgPb DoATTXdMX+/U=">AAAB63icb VBNS8NAEJ3Urxq/qh69LBbBU0 iqoMeiF48V7Qe0oWy2m3bp7i bsboQS+hM8CQri1V/kyX/jts 1BWx8MPN6bYWZelHKmje9/O6 W19Y3NrfK2u7O7t39QOTxq6SR ThDZJwhPVibCmnEnaNMxw2kk VxSLitB2Nb2d++4kqzRL5aCY pDQUeShYzgo2VHgLP71eqvufP gVZJUJAqFGj0K1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkVnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaNS +48Gr3l9X6TZFHGU7gFM4hgC uowx00oAkEhvAMr/DmCOfFeX c+Fq0lp5g5hj9wPn8A18eNOw= =</latexit>
0.2
<latexit sha1 _base64="GzsZqpxV2LQOVKv zTRk3JbUEU+0=">AAAB63icb VBNS8NAEJ3Urxq/qh69LBbBU0 iqoMeiF48V7Qe0oWy2m3bp7i bsboQS+hM8CQri1V/kyX/jts 1BWx8MPN6bYWZelHKmje9/O6 W19Y3NrfK2u7O7t39QOTxq6SR ThDZJwhPVibCmnEnaNMxw2kk VxSLitB2Nb2d++4kqzRL5aCY pDQUeShYzgo2VHnyv1q9Ufc+f A62SoCBVKNDoV756g4RkgkpD ONa6G/ipCXOsDCOcTt1epmmK yRgPaddSiQXVYT4/dYrOrDJAc aJsSYPm6u+JHAutJyKynQKbk V72ZuJ/Xjcz8XWYM5lmhkqyW BRnHJkEzf5GA6YoMXxiCSaK2 VsRGWGFibHpuK5NIVj+eZW0al 5w4dXuL6v1myKPMpzAKZxDAF dQhztoQBMIDOEZXuHNEc6L8+ 58LFpLTjFzDH/gfP4A2UqNPA= =</latexit>
0.0
<latexit sha1 _base64="eIdNw3MB8Oydde6 T3TgLXv+omQk=">AAAB63icb VDLSgMxFL1TX3V8VV26CRbBVZ mpgi6LblxWtA9oh5JJM21okh mSjFCGfoIrQUHc+kWu/BvT6S y09UDC4Zx7ufeeMOFMG8/7dk pr6xubW+Vtd2d3b/+gcnjU1nG qCG2RmMeqG2JNOZO0ZZjhtJs oikXIaSec3M79zhNVmsXy0Uw TGgg8kixiBBsrPXg1b1Cp2j8H WiV+QapQoDmofPWHMUkFlYZw rHXP9xITZFgZRjiduf1U0wST CR7RnqUSC6qDLF91hs6sMkRRr OyTBuXq744MC62nIrSVApuxX vbm4n9eLzXRdZAxmaSGSrIYF KUcmRjN70ZDpigxfGoJJorZX REZY4WJsem4rk3BX755lbTrNf +iVr+/rDZuijzKcAKncA4+XE ED7qAJLSAwgmd4hTdHOC/Ou/ OxKC05Rc8x/IHz+QPWQI06</l atexit>
0.4
<latexit sha1 _base64="Eu5wX9r3GsuLcz4 WF6BjL5314hU=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kt6LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaVS +49Kr3tUr9psijBKdwBhcQwB XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A3FSNPg= =</latexit>
0.6
<latexit sha1 _base64="alnNGwJbbFAFyYp VLtDX/Q9sQQ8=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV9Vj04rGi/YA2lM120y7d3Y TdjVBCf4InQUG8+os8+W/ctj lo64OBx3szzMyLUs608f1vZ2 V1bX1js7Tlbu/s7u2XDw6bOsk UoQ2S8ES1I6wpZ5I2DDOctlN FsYg4bUWj26nfeqJKs0Q+mnF KQ4EHksWMYGOlB9+77JUrvufP gJZJUJAKFKj3yl/dfkIyQaUh HGvdCfzUhDlWhhFOJ2430zTF ZIQHtGOpxILqMJ+dOkGnVumjO FG2pEEz9fdEjoXWYxHZToHNU C96U/E/r5OZ+DrMmUwzQyWZL 4ozjkyCpn+jPlOUGD62BBPF7 K2IDLHCxNh0XNemECz+vEyaVS 8496r3F5XaTZFHCY7hBM4ggC uowR3UoQEEBvAMr/DmCOfFeX c+5q0rTjFzBH/gfP4A316NQA= =</latexit>
0.8
<latexit sha1 _base64="1g4xG5KIzOljSv5 soIdZ3N7Ddls=">AAAB63icb VBNS8NAEJ34WeNX1aOXxSJ4Ck kV7LHoxWNF+wFtKJvtpl26uw m7G6GE/gRPgoJ49Rd58t+4bX PQ1gcDj/dmmJkXpZxp4/vfzt r6xubWdmnH3d3bPzgsHx23dJI pQpsk4YnqRFhTziRtGmY47aS KYhFx2o7GtzO//USVZol8NJO UhgIPJYsZwcZKD75X65crvufP gVZJUJAKFGj0y1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkXnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZuBbmTKaZoZIsF sUZRyZBs7/RgClKDJ9Ygoli9 lZERlhhYmw6rmtTCJZ/XiWtqh dcetX7q0r9psijBKdwBhcQwD XU4Q4a0AQCQ3iGV3hzhPPivD sfi9Y1p5g5gT9wPn8A4miNQg= =</latexit>
1.0
<latexit sha1 _base64="WBRlgQF+rTJDgPb DoATTXdMX+/U=">AAAB63icb VBNS8NAEJ3Urxq/qh69LBbBU0 iqoMeiF48V7Qe0oWy2m3bp7i bsboQS+hM8CQri1V/kyX/jts 1BWx8MPN6bYWZelHKmje9/O6 W19Y3NrfK2u7O7t39QOTxq6SR ThDZJwhPVibCmnEnaNMxw2kk VxSLitB2Nb2d++4kqzRL5aCY pDQUeShYzgo2VHgLP71eqvufP gVZJUJAqFGj0K1+9QUIyQaUh HGvdDfzUhDlWhhFOp24v0zTF ZIyHtGupxILqMJ+fOkVnVhmgO FG2pEFz9fdEjoXWExHZToHNS C97M/E/r5uZ+DrMmUwzQyVZL IozjkyCZn+jAVOUGD6xBBPF7 K2IjLDCxNh0XNemECz/vEpaNS +48Gr3l9X6TZFHGU7gFM4hgC uowx00oAkEhvAMr/DmCOfFeX c+Fq0lp5g5hj9wPn8A18eNOw= =</latexit>
25
<latexit sha1_base64="lglWbAteED5xw1fskoUDIt+qCn0 =">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMw LEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9 VC97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopP U4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvb8o127yOApw DCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD/LZjPk=</latexit>
5
<latexit sha1_base64="Ahc fTCM0SoNzrW5wWWD2fdOk/P0=">AAAB6HicbVDLTgJBEOzFF+ IL9ehlIjHxRHZRo0eiF4+QyCOBDZkdemFkdnYzM2tCCF/gxY PGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7 u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxv PaHSPJYPZpygH9GB5CFn1FipftUrltyyOwdZJV5GSpCh1it+d fsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfu iUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88S dcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuA tv7xKmpWyd1Gu1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8 OY/Oi/PufCxac042cwx/4Hz+AIH7jL0=</latexit>
10
<latexit sha1_base64="9+NBhEQslqWivqaDXXJDMvQILFk =">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZ ekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0 4Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00n oSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWrWqd1Gt3V9W6jd5HEU4 gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+nAjPM=</latexit>
15
<latexit sha1_base64="whXPuZwZH9yiU9xQtShWrg/PLoA =">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMw LEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrp wbvslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2 PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd16p3l+Uazd5HAU4 hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB/FUjPg=</latexit>
20
<latexit sha1_base64="Jjf8lNV9prSgxvhE0Xat+V06GnU =">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZ ekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2il h5rbL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRs ZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpw AqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+tFjPQ=</latexit>
0
<latexit sha1_base64="A4p Weu8u88J2zzBx1yl6gQUhZeM=">AAAB6XicbVBNS8NAEJ3Ur1 q/qh69LBbBU0mqoMeiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQr i1Z/kyX/jts1BWx8MPN6bYWZekAiujet+O4WNza3tneJuaW// 4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53n lBpHstHM03Qj+hI8pAzaqzUdAflilt1FyDrxMtJBXI0BuWv/jB maYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fk wipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMU oOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m1LJpuCt/r xO2rWqd1WtNa8r9bs8jyKcwTlcggc3UIcHaEALGCA8wyu8ORP nxXl3PpatBSefOYU/cD5/AP0BjMg=</latexit>
25
<latexit sha1_base64="lglWbAteED5xw1fskoUDIt+qCn0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pR cIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9VC97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvb8o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD/LZjPk=</latexit>
5
<latexit sha1_base64="AhcfTCM0SoNzrW5wWWD2fdOk/P0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF4+QyC OBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftUrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcC ZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ AIH7jL0=</latexit>
10
<latexit sha1_base64="9+NBhEQslqWivqaDXXJDMvQILFk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7A e0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhT OC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5 A+nAjPM=</latexit>
15
<latexit sha1_base64="whXPuZwZH9yiU9xQtShWrg/PLoA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/Y A2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpwbvslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUom OSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fz B/FUjPg=</latexit>
20
<latexit sha1_base64="Jjf8lNV9prSgxvhE0Xat+V06GnU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajh UijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5rbL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+tFjPQ=</latexit>
0
<latexit sha1_base64="A4pWeu8u88J2zzBx1yl6gQUhZeM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2A9 oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jts1BWx8MPN6bYWZekAiujet+O4WNza3tneJuaW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAzaqzUdAflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFm pn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m1LJpuCt/rxO2rWqd1WtNa8r9bs8jyKcwTlcggc3UIcHaEALGCA8wyu8ORPnxXl3PpatBSefOYU/cD5/AP0 BjMg=</latexit>
25
<latexit sha1_base64="lglWbAteED5xw1fskoUDIt+qCn0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/Y A2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9VC97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDm cBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvb8o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87n D/LZjPk=</latexit>
5
<latexit sha1_base64="AhcfTCM0SoNzrW5wWWD2fdOk/P0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF4+QyC OBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftUrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcC ZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ AIH7jL0=</latexit>
10
<latexit sha1_base64="9+NBhEQslqWivqaDXXJDMvQILFk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7A e0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhT OC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5 A+nAjPM=</latexit>
15
<latexit sha1_base64="whXPuZwZH9yiU9xQtShWrg/PLoA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/Y A2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpwbvslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUom OSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fz B/FUjPg=</latexit>
20
<latexit sha1_base64="Jjf8lNV9prSgxvhE0Xat+V06GnU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7A e0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5rbL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRM MmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fz B+tFjPQ=</latexit>
0
<latexit sha1_base64="A4pWeu8u88J2zzBx1yl6gQUhZeM= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jts1BWx8MPN6bYWZe kAiujet+O4WNza3tneJuaW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAzaqzUdA flilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQK bGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m1LJpuCt/rxO2rWqd1WtNa8r9bs8jyKcwT lcggc3UIcHaEALGCA8wyu8ORPnxXl3PpatBSefOYU/cD5/AP0BjMg=</latexit>
0
<latexit sha1_base64="A4pWeu8u88J2zzBx1yl6gQUhZeM =">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jts1BWx8MPN6bYWZ ekAiujet+O4WNza3tneJuaW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAzaqzU dAflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9T QKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m1LJpuCt/rxO2rWqd1WtNa8r9bs8jyKc wTlcggc3UIcHaEALGCA8wyu8ORPnxXl3PpatBSefOYU/cD5/AP0BjMg=</latexit>
20
<latexit sha1_base64="laDA/WVTKvjQwfbEhwCxASlvA+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7A e0oWy2k3bpZhN2N0IJ/QeeBAXx6j/y5L9x2+agrQ8GHu/NMDMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qLn9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhT OC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG06pZFPwln9eJa1a1buo1u4vK/WbPI8inMApnIMHV1CHO2hAExiE8Ayv8OYI58V5dz4WrQUnnzmGP3A+ fwBuIY0E</latexit>
40
<latexit sha1_base64="X2jWnYPIrI6U6qasO1p3TStdEsg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWMV+w FtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7BT3N3bPzgsHR23dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+nfntJ1Sax/LRTBL0IzqUPOSMGis91Nx+qexW3DnIKvFyUoYcjX7pqzeIWRqhNExQrbuemxg/o8pwJ nBa7KUaE8rGdIhdSyWNUPvZ/NIpObfKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsbTLgCpkRE0soU9zeStiIKsqMDadYtCl4yz+vkla14l1Wqve1cv0mz6MAp3AGF+DBFdThDhrQBAYhPMMrvDnCeXHenY9F65qTz5zAHzif P3EtjQY=</latexit>
60
<latexit sha1_base64="YupvalQuRJ7lkEpaOV9rMQT+KNQ=">AAAB6nicbVBNS8NAEJ34WeNX1aOXxSJ4KkkV9Vj04rGK/Y A2lM120y7dbMLuRCil/8CToCBe/Uee/Ddu2xy09cHA470ZZuaFqRQGPe/bWVldW9/YLGy52zu7e/vFg8OGSTLNeJ0lMtGtkBouheJ1FCh5K9WcxqHkzXB4O/WbT1wbkahHHKU8iGlfiUgwilZ6uPS6xZJX9mYgy8TPSQly1LrFr04vYVnMFTJJjWn7XorBmGoUT PKJ28kMTykb0j5vW6pozE0wnl06IadW6ZEo0bYUkpn6e2JMY2NGcWg7Y4oDs+hNxf+8dobRdTAWKs2QKzZfFGWSYEKmb5Oe0JyhHFlCmRb2VsIGVFOGNhzXtSn4iz8vk0al7J+XK/cXpepNnkcBjuEEzsCHK6jCHdSgDgwieIZXeHOk8+K8Ox/z1hUnnzmCP3A+ fwB0OY0I</latexit>
80
<latexit sha1_base64="xPtqySibp1jBhAYcylckwOaOfig=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHoxWMV+w FtKJvtpF262YTdjVBC/4EnQUG8+o88+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7BT3N3bPzgsHR23dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+nfntJ1Sax/LRTBL0IzqUPOSMGis91Nx+qexW3DnIKvFyUoYcjX7pqzeIWRqhNExQrbuemxg/o8pwJ nBa7KUaE8rGdIhdSyWNUPvZ/NIpObfKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpias+RmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlMs2hS85Z9XSata8S4r1furcv0mz6MAp3AGF+DBNdThDhrQBAYhPMMrvDnCeXHenY9F65qTz5zAHzif P3dFjQo=</latexit>
100
<latexit sha1_base64="HjMSG3wqcmgkhBlrLBQpOwdZFfE=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0mqoMeiF48V7Q e0oWy2m3bp7ibsboQS+hM8CQri1V/kyX/jNs1BWx8MPN6bYWZemHCmjed9O6W19Y3NrfK2u7O7t39QOTxq6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObud+54kqzWL5aKYJDQQeSRYxgo2VHnzPG1SqXs3LgVaJX5AqFGgOKl/9YUxSQaUhHGvd873EBBlWh hFOZ24/1TTBZIJHtGepxILqIMtPnaEzqwxRFCtb0qBc/T2RYaH1VIS2U2Az1sveXPzP66Umug4yJpPUUEkWi6KUIxOj+d9oyBQlhk8twUQxeysiY6wwMTYd17Up+Ms/r5J2veZf1Or3l9XGTZFHGU7gFM7BhytowB00oQUERvAMr/DmCOfFeXc+Fq0lp5g5hj9w Pn8A2tONPQ==</latexit>
0
<latexit sha1_base64="A4pWeu8u88J2zzBx1yl6gQUhZeM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2A 9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jts1BWx8MPN6bYWZekAiujet+O4WNza3tneJuaW//4PCofHzS1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAzaqzUdAflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZw Fmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m1LJpuCt/rxO2rWqd1WtNa8r9bs8jyKcwTlcggc3UIcHaEALGCA8wyu8ORPnxXl3PpatBSefOYU/cD5/ AP0BjMg=</latexit>
20
<latexit sha1_base64="laDA/WVTKvjQwfbEhwCxASlvA+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7A e0oWy2k3bpZhN2N0IJ/QeeBAXx6j/y5L9x2+agrQ8GHu/NMDMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qLn9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhT OC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG06pZFPwln9eJa1a1buo1u4vK/WbPI8inMApnIMHV1CHO2hAExiE8Ayv8OYI58V5dz4WrQUnnzmGP3A+ fwBuIY0E</latexit>
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FIG. 9. Comparison of the evolution of the joint probability p(ε1,E = ε0) for a spin system coupled to a two bands bath (see Fig. 2 for details).
First row: Vε0 = 20 and Vε1 = 40. Second row: Vε0 = 400 and Vε1 = 600. Third row: Vε0 = 600 and Vε1 = 400. Parameters: λ = ×10−2,
δ = 0.5, ε0 = 0, and ε1 = 1.
Appendix G: Details on multiple environments
In this appendix, we show to some detail the derivation of
the EMME for the case of multiple baths and, also, we obtain
the nonequilibrium thermodynamic description in analogous
manner to the case of a single bath.
1. Additive structure
Following the derivation for a single bath, we consider that
each bath is coupled to the system via the interaction operator
Hint,ν = λ∑
αν
Sαν ⊗Bανint . (G1)
The evolution in the interaction picture is then governed by
the von Neumann equation
L(t)[ρ] =−i∑
ν
[H˜int,ν(t), ρ˜(t)]. (G2)
Again, it will prove useful to decompose the interaction into
the respective block-diagonal and off-diagonal parts
∑
E
δHν ,EΠE = λ∑
αν
Sαν ⊗∑
E
〈Bανint 〉EΠE,
Vν = λ∑
αν
Sαν ⊗ (Bανint −∑
E
〈Bανint 〉EΠE), (G3)
and further introduce δHν = ∑E δHν ,E and Bαν = B
αν
int −
∑E〈Bανint 〉EΠE. We now proceed to compute the different
terms appearing in Eq. (2). We start with
PL(t)Pρ =−i∑
ν
[δ H˜ν(t),Pρ˜(t)], (G4)
and using the linearity of the commutator together with Q =
I −P , one deduces
QL(t)Pρ =−i∑
ν
[V˜ν(t),Pρ˜(t)]. (G5)
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Therefore, the second order term is found to be
PL(t)QL(t ′)Pρ
=∑
νν ′
∑
E
trB[ΠE[δ H˜ν(t)+ V˜ν(t), [Pρ˜(t ′),Vν ′(t ′)]]]
ΠE
VE
.
(G6)
After a lengthy but straightforward manipulation, one obtains
that the term involving δHν vanishes since it ends up being
proportional to 〈Bαν 〉E = 0 and one is left with
PL(t)QL(t ′)Pρ
=∑
νν ′
∑
E
trB[ΠE[V˜ν(t), [Pρ˜(t ′), V˜ν ′(t ′)]]]
ΠE
VE
. (G7)
Using the explicit expression of Vν , one obtains that only the
terms with ν = ν ′ survive since, again, the case ν 6= ν ′ lead
to factors 〈Bαν 〉E = 0. Therefore, we get an additive structure
for the EMME. Then, one can proceed for each ν as we did
for the single bath case. Performing the standard Markov and
secular approximations leads to Eq. (68) of the main text.
2. Rate equation
The rate equation for the multiple environment case is
found to be
∂t p(εk,E) =∑
ν ,q
(
Wν ,kq(Eν ,Eν +ωkq)
VEν+ωkq
p(εq,E+ωkqeν)
−Wν ,qk(E +ωkq,Eν)
VEν
p(εk,E)
)
, (G8)
where, for each bath ν , we introduce the transition rates
Wν ,kq analogously to the case of a single bath. Again, we
find the properties Wν ,kq(Eν ,E ′ν) ≥ 0 and Wν ,kq(Eν ,E ′ν) =
Wν ,qk(E ′ν ,Eν).
3. Energy conservation
Using Eq. (G10), one can prove that P(Etot) =
∑k,E p(εk,E)δEtot,εk+∑ν Eν is preserved. To this end we intro-
duce, given Etot, the energy of the bath ν given the system
energy εk
Kν |k = Etot− ∑
ν ′ 6=ν
Eν ′ − εk, (G9)
with the property Kν |k +ωkq = Kν |q. We note that, under the
action of the Kronecker δ -function, we have
∂tP(Etot) =
∑
E
∑
ν
∑
kq
(
Wν ,kq(Kν |k,Kν |q)
VKν |q
p(εq,E1, · · · ,Kν |q, · · · ,En)
−Wν ,qk(Kν |q,Kν |k)
VKν |k
p(εk,E1, · · · ,Kν |k, · · · ,En)
)
, (G10)
which vanishes after renaming the dummy variables k↔ q in
the second line.
4. Steady-state
Imposing detailed balance into Eq. (G10), it follows the
steady-state condition
p(εk,E1, · · · ,Kν |k, · · · ,En)
p(εq,E1, · · · ,Kν |q, · · · ,En)
=
VKν |k
VKν |q
, (G11)
which is analogous to the one found for the single environ-
ment case in Eq. (33).
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